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Abstract

Clustering is one of the most important tasks in data mining. Recent devel-
opments in computer hardware allow us to store in random access memory
(RAM) and repeatedly read data sets with hundreds of thousands and even
millions of data points. This makes it possible to use conventional clustering
algorithms in such data sets. However, these algorithms may need prohibitively
large computational time and fail to produce accurate solutions. Therefore, it is
important to develop clustering algorithms which are accurate and can provide
real time clustering in large data sets. This paper introduces one of them. Us-
ing nonsmooth optimization formulation of the clustering problem the objective
function is represented as a difference of two convex (DC) functions. Then a
new diagonal bundle algorithm that explicitly uses this structure is designed
and combined with an incremental approach to solve this problem. The method
is evaluated using real world data sets with both large number of attributes and
large number of data points. The proposed method is compared with two other
clustering algorithms using numerical results.

Keywords: Data mining, Nonsmooth optimization, Nonconvex optimization,
DC function, Bundle methods

1. Introduction

Clustering (unsupervised classification) deals with a problem of organizing a
collection of patterns into groups based on similarity. The similarity measure can
be defined using various distance-like functions. When the similarity measure
is defined by the squared Euclidean norm, the clustering problem is called the
minimum sum-of-squares clustering (MSSC) problem. The MSSC can be formu-
lated as an optimization problem and there are various optimization algorithms
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for solving it. These include branch and bound algorithms [I] 2], interior point
methods [3], variable neighborhood search algorithms [4] [l 6], and metaheuris-
tics such as clustering search [7], simulated annealing [8, 9], tabu search [10],
and genetic algorithms [I1]. A nonsmooth optimization (NSO, not necessarily
differentiable optimization) formulation is used and algorithms are developed in
[12, 13] 14]. In addition, algorithms based on hyperbolic smoothing technique
are presented in [I5] [16] [17] and algorithms based on difference of convex (DC)
representation are introduced in [I8| [19] 20, 21].

Recent advances in computer hardware allow us to store in random access
memory (RAM) and repeatedly read data sets containing hundreds of thousands
and even millions of data points. Most of the aforementioned algorithms are not
applicable or have limited capabilities for solving clustering problems in such
large data sets, since they become time consuming when the size of data sets
increases. Therefore, it is important to develop clustering algorithms which are
accurate and can provide real time clustering in these data sets. The aim of
this paper is to develop one such algorithm.

The idea of the new algorithm comes from two sources. First, the possi-
bility of splitting the MSSC problem into two different pieces — one of which
is convex and smooth (continuously differentiable) and another one is generic
convex nonsmooth. Second, from the fact that the convex model of the objec-
tive function is usually reasonably good except some regions where there exist
the so-called concave behavior in the objective. Thus, the nonconvexity of the
problem should be taken into account with the “minimum” effort.

In this paper, we introduce a new DC diagonal bundle algorithm (DCD-
BUNDLE) for solving clustering problems given in a form of the DC function. The
DCD-BUNDLE combines the ideas of the diagonal bundle method (D-BUNDLE,
[22]) with a different usage of metrics depending on a convex or concave behavior
of the objective at the current iteration point. The D-BUNDLE, in its turn, is
developed for sparse, large-scale, possibly nonconvex, NSO. It is a successor of
the limited memory bundle method (LMBM, [23 24]) and the variable metric
bundle method (VMBM, [25] [26]). This method is better capable of handling
large dimensionality and sparsity of the objective. The idea of splitting the
information on the objective obtained in previous iterations comes from [27]
28]. However, instead of splitting the bundle information (i.e. the subgradient
information) as in [27] 28], the DCD-BUNDLE computes different variable metric
approximations depending on the point. In addition, the DCD-BUNDLE uses
the real DC structure of the problem.

The DCD-BUNDLE shares good properties of the D-BUNDLE. That is, the
time-consuming quadratic direction finding problem appearing in standard bun-
dle methods (see e.g. [29] [30, 31]) needs not to be solved, nor the number of
stored subgradients needs to grow with the dimension of the problem. Further-
more, the method uses only a few vectors to represent the diagonal variable
metric approximation of the Hessian matrix and, thus, it avoids storing and
manipulating large matrices as is the case in the VMBM, and dense approxi-
mations to Hessian as is the case in the LMBM. The usage of different metrics
in the DCD-BUNDLE gives us a possibility to better deal with the nonconvex-



ity of the problem than the use of only subgradient locality measure (see e.g.
[32, [33]) used in the D-BUNDLE .

The rest of this paper is organized as follows. In Section [2] we introduce our
notation and recall some basic definitions and results from nonsmooth analysis
and DC programming. DC representations of cluster functions are given in
Section Optimality conditions for the auxiliary clustering problem and the
clustering problem are given in Section [l In Section [§] we discuss the basic
ideas of the DCD-BUNDLE method and, in Section [ we prove its convergence.
In Section [7} we recall the ideas of incremental approach used to globally solve
the clustering problem. The results of numerical experiments are presented and
discussed in Section 8] and finally, Section [9] concludes the paper.

2. Notations and Background

We denote by ||| the Euclidean norm in R™ and by a”'b the inner product
of vectors @ and b (bolded symbols are used for vectors). In addition, we
denote diag(a), for a € R”, the diagonal matrix such that diag(a);; = a;. The
Frobenius norm of a matrix A € R”*" is denoted by ||A||r. That is, we define

IAllF =

An open (closed) ball with the center x € R™ and the radius 7 > 0 is denoted
by B, (x) (B, (x)).

A function f : R™ — R is called a DC function if there exist two convex
functions f; : R — R and f5 : R® — R such that

f(@) = fi(z) = fa().

The functions f; and fs are called DC components of f and f; — fs is called a
DC decomposition of f.

An unconstrained DC' programming problem is an optimization problem of
the form

{minimize f(x) = fi(z) — f2(z), (1)

subject to @ € R™,

where f; and fy are convex, not necessarily differentiable functions.
Let f : R®™ — R be a convex function. Its subdifferential at € R™ is defined
by

Ocf(@) = { €™ | f(y) ~ (@) 2" (y @) forall y ¢ B"}.

Each vector € € 9. f(x) is called a subgradient.
A function f : R™ — R is called locally Lipschitz on R™ if for any bounded
subset X C R” there exists L > 0 such that

[f(®) — f(y)| < Llj& - yl| for all 2,y € X.



The generalized derivative [34] of a locally Lipschitz function f at a point x
with respect to a direction u € R™ is defined as

fly+au) — f(y)

f(x,u) = limsup ,
all,y—x «

and the Clarke subdifferential (or simply subdifferential) 0 f(x) of a locally Lip-
schitz function f at x is given by

of (x) = {g ER™| fOx,u) > € u for all u € R"} :

Each vector € € 0f(x) is called a subgradient. For a convex function, we
have df(x) = O.f(x) for all x € R”. From now on, we will use the notation 0f
also for subdifferentials of convex functions.

A function f is called directionally differentiable at x if the limit

(o =i flo+ou) - fia)

exists for any u € R™. A directionally differentiable function is called sub-
differentially regular at x if f'(x,u) = f°(x,u), for allu € R™. In general,
nonsmooth DC functions are not subdifferentially regular and the Clarke sub-
differential calculus exists for such functions only in the form of inclusions (see
e.g. [39])
of (x) C 0fi(x) — Ofa(x). (2)

In general, such a calculus cannot be used to compute subgradients of the func-
tion f.

A point &* € R” is called a local minimizer of the problem if there exists
r > 0 such that f(z*) < f(z) for all x € B,.(x*).

THEOREM 2.1. [36] A point x* to be a local minimizer of the problem , it is
necessary that

If a point x* is a local minimizer of the problem , then

0€df(z") (4)

and
0fa(x") N Ofy (@) £ 0. (5)

Points satisfying are called inf-stationary, points satisfying are called
Clarke stationary, and points satisfying are called critical points of the
problem . In general, any inf-stationary point is also a Clarke stationary
and a critical point. Furthermore, any Clarke stationary point is also a critical
point.



3. DC Programming Approach to Clustering Problems

In this section we recall a NSO formulation of clustering problems and their
DC representations.

Cluster Analysis. Let A be a finite set of points in R™, that is
A=1{a',...,a™m}, wherea' cR",i=1,...,m.

The hard unconstrained clustering problem is the distribution of the points of
the set A into a given number & of disjoint subsets A7, j = 1,...,k such that

1A 0, 5=1,... k
2. AANA =0, forall 1 =1,....k, j #I;

The sets A7, j =1,...,k are called clusters and each cluster A7 can be identified
by its center &’ € R™,j = 1,..., k. The problem of finding these centers is called
the k-clustering (or k-partition) problem.

The similarity (or dissimilarity) measure is fundamental in cluster analysis.
In this paper, the similarity measure is defined using the L, norm

do(z,a) = Z(ﬂ% —a;)’. (6)

Clustering Problem. The NSO formulation of the MSSC problem is given as
13, 37):

{minimize fr(x) 7)

subject to  x = (z!,...,x") € R"*,
where i
1 ky _ + : j
fe(x, ... 2") — ;jiril,l.r.i7kd2($ ,a). (8)
a

The DC representation of the function fj in Problem @ is [21]
fk(w>:fkl(x)_fk2(w>7 w:(w17"'7wk)eRnk7 (9)

where

k
Jri(z) = % Z Z do(x?,a), and

acA j=1
1 k
o) =2 e, 3 i
acA s=1,s#j



are convex functions.

Note that the similarity measure in the clustering problem can also be defined
using other norms, for instance, Li- or Loo-norms (see, e.g. [35]). Nevertheless,
with these norms both fx; and frs are nonsmooth while with ds, defined in @,
the first component fi; of the DC function is smooth. Due to the fact that
general nonsmooth DC functions are not subdifferentially regular, smoothness
of fx1 is in demand in order to calculate the subdifferentials of the clustering
function fj.

Auziliary Clustering Problem. Problem is a nonconvex optimization prob-
lem and it may have a large number of local minimizers. Since we apply a local
search method for solving this problem it is important to use a special proce-
dure to generate starting cluster centers. Such an approach allows one to find
high quality solutions to clustering problems using local search methods. Here
we apply an algorithm introduced in [38]. This algorithm involves the so-called
auxiliary clustering problem.

Let x',...,2*"1 k > 2 be the solution to the (k — 1)-clustering problem
and

Th_1 :min{dg(ml,a),...,dg(;ckfl,a)}. (10)
The k-th auxiliary cluster function is defined as [39)
_ 1 _ .
fk(y): Ezmln{’rlgfladQ(yaa)}a yGR . (11)
acA

This function is nonsmooth, locally Lipschitz, directionally differentiable and as
a sum of minima of convex functions it is, in general, nonconvex. A problem

(12)

minimize fr(y)
subject to y € R"”,

is called the k-th auziliary clustering problem [39]. The DC representation of
the function fi is given by [21]

Je(y) = frr(y) — fra(y), (13)

where

frily) = % Z (rf_y +da(y,a)), and

acA

fioy) = - 3" max{ri_y, do(y, a)).
acA

4. Optimality Conditions

In this section we give optimality conditions for Problems and using
their DC representations. For more details and proofs we refer to [21].



Subgradients and Optimality Conditions for Auziliary Clustering Problem. The
function fy; is smooth on R™ and its gradient at y € R™ is given by

Vi) = = (- a) (14)
acA

In its turn, the function fyo is nonsmooth and to write its subdifferential at a
given point y € R™ we introduce the following sets

f}l(y) ={a€ Al ri_; > ds(y,a)},
42(:’/) = {a € A ‘ rllcl—l < dZ(yaa’)}v
As(y) ={a € A| rg_y = do(y,a)}.

The function fkg can be rewritten as

Fraly) = — Yoo+ Y daya)+ Y max{rf_,,ds(y,a)}

m — - -
acAi(y) acAs(y) acAz(y)

Then its subdifferential at y is

) =2 Y w-ar Y onfow-a}|.  15)

acA,(y) acAs(y)

Now, due to smoothness of fr1, the generalized subdifferential 0 fy(y) of the
function f; at y € R™ can be given as

Ofi(y) = Vi (y) — 0frz(y).

THEOREM 4.1. At any inf-stationary point y* of Problem (@ the subdifferential
Ofka(y*) is singleton:

Ofialy’) = 21 S i -a)p. (16)

acAs(y*)
Moreover, for a point y* to be a local minimizer of Problem (@ it 1S necessary
that
S w-a)=o. (17)
acA(y*)

Note that any inf-stationary point of Problem is also Clarke stationary
and critical point of this problem. In general, the set of inf-stationary points is
a strict subset of these two sets. In addition, the sets of Clarke stationary and
critical points of Problem coincide and they are given by

S={y eR" | Vfu(y) € fi(y)}- (18)



Finally, we demonstrate how two different subgradients from 0 fy2(y),y € R
can be computed if this subdifferential is not a singleton. This result is needed
in order to develop an algorithm that can escape a Clarke stationary point and
converge to an inf-stationary point. To compute different subgradients we can

choose &', ¢? € 8 fr2(y) using as follows
2
1 —_—— J—
g== > (-a),
acAsz(y)

and o
£ =¢"+¢ &=argmax .5,y — all.

It is clear that if & = 0 then O fx2(y) is a singleton.

Subgradients and Optimality Conditions for Clustering Problem. The function
fr1 is smooth and its gradient is given by [35]

Vi (z) = 2(z — A). (19)
HereA\:(A\l,...,A\k), A\lz...: Ak:(dl,...,dn) and
iy = = >
t = E Q.
acA

In general, the function fio is nonsmooth. To compute its subdifferential
consider the following function and a set [38]:

k
QDQ(ZB) :jillaX Z dZ(m aa')a (20)
""" s=1,s#£j
and
k
Ro(z)=<{je{l,....k}| Y dao(a*,a)=¢a() ;. (21)
s=1,s#j

The subdifferential dpgq () of the function ¢4 at  is as follows:

Opa(@) = conv {V € R™ | V =237 — A]),j € Ra(a)}, (22)
where
& = (a:l,...,a:j_l,On,xjH,...,:Bk),
A= (A B e,
and

Al =d't=1,.. Kk t#j Al =0,



Then the subdifferential 0 fx2(x) can be expressed as

Ofra(x) = % Z 0pa (). (23)

acA

Similarly to the auxiliary clustering problem, the smoothness of fy(x) allows
us to write the generalized subdifferential 0fy(x) of the clustering function fj
at € R" as

Ofi(x) =V fr1(x) — O fra(z).
Moreover, the sets of Clarke stationary and critical points of Problem coin-
cide and at these points

V fr1(x) € Ofa(x).

Now we are ready to give the necessary condition for a local minimum of the
clustering problem.

THEOREM 4.2. Let & € R™ be a local minimizer of the problem (@ Then the
objective function fi is smooth at this point and

Ofi(x) = {Vfr(x)} = {0},

where

ka(m):%z Z (27 — a).

a€AjER, (@)

We finish this section by showing how two different subgradients from 9 fy2 (),
x € R™ can be computed if these subdifferentials are not singleton. Let us de-
fine the following two sets:

A ={acA||Ro(z) =1}, As={acAl||R.(z)>2).

If A; = A then dfya(x) is a singleton. If |[As| > 1 then dfya(x) is not a
singleton. Take any a € As. Since |Rq(x)| > 2 this point is attracted by
at least two cluster centers. Using two cluster centers, we can compute two
subgradients for the function ¢, defined by (20).

5. Diagonal Bundle Method for DC Clustering Problem

In this section, we introduce a new algorithm DCD-BUNDLE for solving
clustering problems given in the DC-form. The algorithm is used to solve both
the clustering problem and the auxiliary clustering problem . It is easy
to see that both these problems can be formulated as an unconstrained DC
programming problem

minimize  f(z) = fi(z) — fo(x) (24)
subject to = € R",



with f; and f convex. In addition, in our approach we assume that fi is
smooth. This assumption is trivially satisfied for the clustering function fj
and the auxiliary clustering function fi. Furthermore, we assume that at every
point  we can evaluate the values of the DC-components f; and fs of the ob-
jective function f, the gradient V fi(x) of the first component and one arbitrary
subgradient &, from the subdifferential 9 fz(x) of the second component.

Linearization error. The DCD-BUNDLE uses the sign of the linearization error
to detect the ”convex” or ”concave” behavior of the objective. The linearization
error a1 at a point g, is given by

a1 = f(xr) = (Y1) + (VA (Yry1) — 52,k+1)Tdk~

Here xj, is the current iteration point, y, ,; = T + dj, is a new auxiliary point,
d}, is the current search direction and &5 ;41 € 0fa(yj41)-

Matriz Updating and Splitting of Information. The DCD-BUNDLE uses the
diagonal update formula introduced in [40] for updating the matrices, since
for this formula, it is easy to check and guarantee the positive definiteness of
generated matrices. Moreover, using the diagonal update matrix requires a
minimum amount of storage space and computations.

In practice, the DCD-BUNDLE uses at most m, correction vectors to com-
pute updates for matrices. These correction vectors are slightly modified from
those in the classical limited memory variable metric methods for smooth op-
timization (see, e.g. [41]). That is, the correction vectors are given by s =
Yip1 — Tk, ULk = Vi(Ypyr) — Vhi(zg), and uzy = & pqq — &o,, with
€541 € Ofa(ypy1) and &y, € Ofa(xy). Due to the usage of null steps we
may have xr1 = x; and thus, we use here the auxiliary point y, ., instead
of 1. In addition, we now compute the gradient differences separately for
both DC-components. Since the gradient does not need to exist for nonsmooth
component f5, the correction vectors us are computed using subgradients.

Now, instead of just two correction matrices Sy = [Sk—sm,+1---Sk] and
Ui = [Wg—ry+1---ux] used in [4I] and, also in the D-BUNDLE [22], we have
three correction matrices Sy = [Sk—snp+1 - - Sk], Utk = [U1 k—mp+1 - - - W1 5] and
Ua e = [W2k—smp+1---U2k|, where 1y, = min{k, m.}. We use these matrices
to compute separate approximations to both f; and fs. Moreover, we use the
different approximations depending on the sign of the linearization error.

The approximation of the Hessian B ;41 (I = 1, 2) is chosen to be a diagonal
matrix and the check of positive definiteness is included as a constraint to the
problem. Thus, the update matrix B; ;41 (I = 1,2) is defined by

minimize ||Bl,k+1Sk — Ul,k”%
subject to (B k+1)i; =0 for i # j (25)
(Bik+1)is > pfori=1,2,...,nand p > 0.
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This minimization problem has a solution

bi/Qii, ifb;/Qii>p
(Bl,k-ﬁ—l)i P .
' 1, otherwise,
where b = QZZ’} diag(s;)u;; and Q = 2Z:j;"’i[diabg(si)]2 with s; € S and
u;; € U, 1 =1,2. In our computations we use the inverse of this matrix, that

is, Dy = (Blyk)fl. Note that in addition to the upper bound e, = we

1
w’
also use the lower bound pmin (0 < fmin < fmae) for the components of the
matrix. We call the approximations D j and Dy j the “convex approrimation”

and the “concave approximation”, respectively.

Direction Finding, Serious and Null Steps. The DCD-BUNDLE uses the above
mentioned diagonal approximations to compute a search direction. If the previ-
ous step was a serious step, we suppose that the convex model of the function is
good enough and we use directly the ” convex approximation” of the Hessian and
the current subgradient of the objective function. That is, the search direction
is computed by the formula

di, = —D1 1§,

where &, = Vfi(zr) — &5 € Of(xr) and &, € Ofa(xy). Otherwise, if the
linearization error a1 is positive, we still use the ”convex approximation”
of the Hessian, but the subgradient of the objective is taken in a form of an
aggregate subgradient E « (to be described later). Thus, the search direction is
given by

dy, = — D 1€,

In case of negative a, we first compute the convex combination of the ”convex”
and negative ”concave” approximations such that the combination still remains
positive definite and then use this combination to compute the search direction.
In other words, we compute the smallest py, € [0,1] such that ppD;y — (1 —
pr) D2 i, is positive definite. Since diagonal matrices are used, this value is very
easy to compute. The search direction is then computed by the formula

di = —(prD1x — (1 — pr) D2,k )&y (26)

When the search direction is computed, we next compute a new auxiliary
point: Y, = &} + di. A necessary condition for a serious step to be taken is
to have

F(Wps1) < fzr) — epws, (27)

where % € (0,1/2) is a given descent parameter and wy > 0 represents the

desirable amount of descent of f at xj. If condition (27) is satisfied, we set
Tp4+1 = Ypy1 and a serious step is taken. Note that in the case of a serious

11



step we consider the current “convex approximation” to be good enough and
continue with this metric even if the linearization error was negative.

If the condition is not satisfied, a null step occurs. In null steps, we
search for a scalar t € (0,1] such that &, = Vfi(z) + tdi) — é’?k_ﬂ, with
&5 41 € Ofa(xy + tdy), satisfies the condition

—Br1 +di€h 1 > —epwr, (28)

where e € (e1,1/2) is a given parameter and B4 is the subgradient locality
measure [32], B3], similar to bundle methods. That is,

Bresr = max {|f(xr) — f(@x + tde) + 1(Eyr) dil Alltdr]? ), (29)

where v > 0 is a distance measure parameter supplied by the user. This kind
of t always exists [28]. In the case of a null step, we set xy11 = @, however,
information about the objective function is increased as we utilize the auxiliary
point yi 41 = @k + tdy and the corresponding auxiliary subgradient I3 11 €
Of (y}41) in the computation of next aggregate values.

To ensure the global convergence of the DCD-BUNDLE, we have to assume
that the matrices D;j and Dy ) are bounded. This assumption is trivially
satisfied according to the diagonal update formula. In addition, the condition

~T ~ ~T ~
&x D1.k&y < & D1 k-1 (30)

has to be satisfied each time when more than one consecutive null steps occur.
In the DCD-BUNDLE this is guaranteed simply by skipping the convexr updates.

Aggregation. The aggregation procedure used in the DCD-BUNDLE is quite
similar to that of the original LMBM [23], 24]. We determine multipliers \¥ > 0
for all ¢ € {1, 2,3}, Z?Zl A¥ =1 that minimize the function
P, A2, 23) = (M + Nahyr + As€x) Dr(Mib, + Aol + Asy)
+ 2(A2Br41 + A3Br), (31)

where we denoted by §; = V f1; — §,,; (possible with upper index ¢) and m is
the index after the latest serious step. Set

ék+1 = )‘]fém + )‘1265711-1—1 + Algéka (32)
Brt1 = A5 Brt1 + N5 By (33)

Algorithms. Now we present the algorithm DCD-BUNDLE to compute a Clarke
stationary point of the clustering problems.

ALGORITHM 5.1. DCD-BUNDLE.

Input: Select positive line search parameters ¢y, € (0,1/2) and eg € (e,1)
and the distance measure parameter v > 0. Choose the final accuracy
tolerance ¢ > 0, safeguard parameters pmaz > Mmin > 0, and the
number of stored corrections m. > 1.

12



Step 0:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5

Step 6:

Step 7:

(Initialization) Choose a starting point ¢; € R™. Set D;; = I. Com-
pute f(z1), Vfi1 = Vfi(z1), and §5; € dfa(x1). Set the iteration
counter k = 1.

(Serious Step Initialization) Set the aggregate subgradient &, =& =
Vfik — & and the aggregate subgradient locality measure g = 0.
Set an index for the serious step m = k.

(”Convez Direction”) Compute

dy, = — Dy 1€,

(Stopping Criterion) Calculate wy, = égDLkék + 2Bk. If wy < €, then
stop with x; as the final solution.

(Auziliary Step) Evaluate
Yi+1 = Tk + dka

Vfiks1 =V i(Ygy), and
€ k1 € Of2(Ypp1)-

Set sp = di , w1k = Vg1 — Viim,ur = & 41 — €24, and add
these values to Si, Uy i, and Us i, respectively.

(Serious Step) If

JWpy1) — f2r) < —epwy,

then compute D p41 using Sy and Uy g, set Try1 = Yp1, flx1) =
f(Yi41), and go to Step 1.

(Aggregation) Compute
a1 = f(xr) = f(WYra1) + (Ve — 52,k+1)Tdk' (34)

Compute ¢ € (0,1] such that &, = Vfi(zy + tdy) — €5 441, with
£§7k+1 € Of (xx + tdy), satisfies condition with Bk11 computed as
in . Determine multipliers \¥ > 0 for all i € {1,2,3}, Z?:l A=1
that minimize the function ¢(A1, A2, A3) given in .

Set

ék+1 = ¢, + >\]2€€2+1 + A€, and
Bri1 = A5 Bri1 + )\gék

(Null Step) If m = k, then compute D; 41 using Sy and Uy ;. Other-
wise, set D1 41 = D1 . Two cases can occur:

13



Step Ta: agt1 > 0 (Convex Null Step): Set 1 = xx, k = k+ 1 and go
to Step 2.

Step 7Tb: agxy1 < 0 (Concave Null Step): Compute Ds j41 using Si and
Us i Set xp41 =k, k =k + 1.

Step 8: (”Concave Direction”) Compute the smallest p € (0,1) such that the
matrix pD;  — (1 — p)Da , remains positive semidefinite. Compute

di = —(pD1x — (1 —p)D2x) &4,

and go to Step 3.

As said before the above algorithm computes the Clarke stationary point of
the clustering problem. If the function fs is smooth, then this point is also an
inf-stationary point. Our main assumption in order to find inf-stationary points
is the following.

AssuMPTION 1. If the subdifferential 0 f(x) is not a singleton at a point @ €
R™, then we can always compute two subgradients 5;,{% € Ofs(x) such that

& # &
This assumption is satisfied for both the clustering and the auxiliary clus-
tering problems as is shown in Section [4]

ALGORITHM 5.2. Finding inf-stationary points.

Step 0: (Initialization) Choose a starting point ©; € R"™, the line search pa-
rameter e € (0,1/2], and the final accuracy tolerance ¢ > 0. Set
j=1.

Step 1: (Clarke Stationary Point) Apply Algorithm [5.1]starting from the point
x; to find a Clarke stationary point &* with the optimality tolerance e.

Step 2: (Stopping Criterion) If Ofs(x*) C Vfi(x*) + B-(0) then stop. The
point * is an inf-stationary point of the problem.

Step 3: (Descent Direction) Compute subgradients &3, €2 € dfo(x*) such that
r=max|[Vfi(2") - &l = <,
and the direction @; = —v/||v||, where
v = argmax {|Vfi(z*) - & | i =1,2}.
Step 4: (Step Size) Compute x;41 = x* + t;u; where
t; = argmax {t > 0 | f(z* +ta;) — f(«*) < —eptr}.

Set j = j + 1 and go to Step 1.
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6. Global Convergence

We now study the convergence properties of Algorithms and given in
the previous section. We first prove that a point generated by Algorithm [5.1]is a
Clarke stationary point of the problem . In order to do this, we assume that
the final accuracy tolerance ¢ is equal to zero. Then we prove that Algorithm
-2 terminates after a finite number of iterations at an inf-stationary point of
the problem. For the simplicity of the presentation from now on, we drop out
the index ¢ from ¥y} and ¢! even if t # 1 and use the notation & = Vf; — &,.

The following assumptions are needed to prove the global convergence.

ASSUMPTION 2. The level set {x € R" | f(x) < f(x1)} is bounded for every
starting point x; € R".

AssuMPTION 3. The objective function f is bounded from below.

Note that these assumptions are trivially satisfied for both the clustering and
the auxiliary clustering problems.

REMARK 6.1. The sequence (xj) generated by Algorithm is bounded by
Assumption [2| and the monotonicity of the sequence (fi) which, in turn, is
obtained due to the condition being satisfied for serious steps and the fact
that @1 = x for null steps. By the local boundedness and the upper semi-
continuity of the subdifferential, we obtain the boundedness of subgradients
;. and their convex combinations [34]. The matrices D; and Dy are bounded
due to the fact that all their components are in a closed interval [tmin, thmaz]-
Therefore, the search direction dj, and the sequence (y;) are also bounded.

LEMMA 6.1. At the kth iteration of Algorithm we have
~T ~ ~ ~ ~
wi =& D1iky + 28k, we =28k, wik > pmanll€x )17,
and
Bt 2 Y1 — Tsa |1 (35)

Proof. First, we point out that 3, > 0 for all k by equations , , and
Step 1 in Algorithm The relations

~T - - - ~
wi, = & D1,1x&), + 28k, wg > 26, Wg > fmin]| €l

follow immediately from Step 3 in Algorithm [5.1]and the lower bound i, used
for the matrices.

Since xp41 = @ for null steps, fr41 = 0 and ||y, 1 — xp41| = 0 for
serious steps it follows from that the condition always holds for some
v > 0. U
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LEMMA 6.2. Suppose that Algorithm [5.1] is not terminated before the kth iter-

ation. Then, there exist numbers N7 > 0 for j = 1,...,k and &, > 0 such
that
Erdr) =D N lyy —anl), D AT =1, and By >5}.
j=1 j=1
Proof. The proof is similar to that of Lemma 3.2 in [26]. O

LEMMA 6.3. Let © € R" be a given point and suppose that there exist vectors
g, &, y;, and numbers A\; >0 fori=1,...,1, 1> 1, such that

!
(g.0) = Z Xi(&s g, — =|),

Then g € 0f (Z).
Proof. See the proof of Lemma 3.3 in [26]. O

THEOREM 6.4. If Algorithm[5.1] terminates at the kth iteration, then the point
xy is Clarke stationary for f.

Proof. If Algorithm [6.1] terminates at Step 3, then the fact £ = 0 implies that
wg = 0. Thus, £k =0and B, =6, =0 by Lemma and Lemma
Using Lemma [6.3] with

= Tk, = ka g = éka
=&, Y=Y, Ni= Mot for i < k,

fad al

and also Lemmawe obtain that 0 = &, € df () and, therefore, x;, is Clarke
stationary for f. O

From now on, we suppose that Algorithm does not terminate, that is,
wy, > 0 for all k.

LEMMA 6.5. Suppose that the level set {x € R™ | f(x) < f(x1)} is bounded.
If there exist a point @ € R™ and an infinite set K C {1,2,...} such that
(zr)kex — & and (wi)kex — 0, then 0 € Of(Z).

Proof. The proof is similar to the proof of Lemma 3.4 in [26]. O
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LEMMA 6.6. Suppose that the level set {x € R™ | f(x) < f(x1)} is bounded,
the number of serious steps is finite, and the last serious step occurred at the
iteration m — 1. Then

~T ~ ~T ~
€1 D1 5418041 = Epp1 D11k and (36)
tr(Dl,k) < HmazT (37)

for all k > m, where tr(D1 ) denotes the trace of the matricz D j.

Proof. If m < k, then we always have D 11 = D1 due to Step 7 of Algo-
rithm u Thus, the condition is valid. Furthermore, in each case for all k

we have

tr(D1,k) — tmazn = tr(D1k) — fmas tr(L)
= t1(D1,5) — tr(Hmas])
=tr(D1,x — tmaz])
<0

since D i is a diagonal matrix with the largest diagonal element equal to fpqq -
Therefore, the condition is also valid for all k > m. O

LEMMA 6.7. Suppose that the level set {x € R™ | f(x) < f(x1)} is bounded,
the number of serious steps is finite, and the last serious step occurred at the
iteration m — 1. Then, the point x,, is Clarke stationary for f.

Proof. From , , , Lemma, and Lemma we obtain

~T -~ -
Wet1 = &1 D1 118541 + 26011
~T ~ ~
= &1 D1.1€k11 + 2Bk11
= (MM A (39)
< (0,0,1)
~T ~ ~
= &y D1 k& + 26k
= wk
for k > m.

Let us denote Dy = Wng Then, the function ¢ (see ) can be given
in the form

AT, A5, AE) = IMWRE,, + MWy + ANTWREL NI + 2(A5 Brss + A5 B).

From we obtain the boundedness of the sequences (wy), (Wi€,), and
(Br). Furthermore, Lemma assures the boundedness of (Dy) and (Wy).
By Lemma we obtain the boundedness of (y;), (&), and (Wi€;, 1)

Now, by noticing that —f;+1 + £g+1dk > —egwy, in null steps the last part
of the proof proceeds similar to the proof (part (i7)) of Lemma 3.6 in [26]. O
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THEOREM 6.8. Suppose that the level set {x € R™ | f(x) < f(x1) } is bounded.
Then, every accumulation point of the sequence (xy) is Clarke stationary for f.

Proof. Let & be an accumulation point of (xx), and let £ C {1,2,...} be an
infinite set such that (xp)rex — . In view of Lemma we can restrict
our consideration to the case where the number of serious steps is infinite. We
denote

K'={k | ®x+1 = x + dj and there exists i € K, i < k such that z; = x;}.

Obviously, K’ is infinite and (xx)gexr — &. The continuity of f implies that
(f(xk))kexr — f(®) and, thus, f(xx) 4 f(Z) due to the monotonicity of the
sequence (f(xy)) followed from the descent step condition (27). Using the con-
dition and the fact that x;1 = @) in null steps, we obtain:

0<epwg < flxg) — f(xpy1) =0 for k > 1. (39)

Thus, (wk)gex: — 0 and (xg)rexr — ®. Then Lemma implies that 0 €
of(z). O

REMARK 6.2. If we choose € > 0, then Algorithm terminates in a finite
number of steps. In addition, the proofs remain correct if we have f; convex
nonsmooth and fs convex smooth, or if both f; and fs are convex nonsmooth
functions with a condition that we can compute the subgradient £ € 9f(x) at
any .

Now we prove that Algorithm terminates after a finite number of itera-
tions at an inf-stationary point of the problem (24)). In addition to Assumptions
—[3] we need the following assumption.

ASSUMPTION 4. The gradient Vf; : R® — R" of the function f; satisfies Lips-
chitz condition.

At the end of this section, we will prove that Assumption [4] is satisfied for
the first DC component fi1 of the clustering function fx and for the first DC
component fy1 of the auxiliary clustering function f.

LEMMA 6.9. Assume that the objective function is bounded from below and the
gradient V f1 : R™ — R" satisfies Lipschitz condition. Then Algorithm ter-
minates after a finite number of iterations at an inf-stationary point of Problem

.
Proof. For simplicity assume that at the j-th iteration w; = —|lv||~'v and
v = Vfi(zx;) — &, where €5 € Ofs(z;). The mean value theorem implies that
for some o; € (0,1)
f@; +tug) — fz;) =[fi(e; +tu;) - fi(z;)] = [f2(z; +tu;) - fa(a;)]
<tu!'Vfi(x; + toju;) — tu] &
<ta] (Vfi(ax;) - &) +ta] (Vii(z; +toju;) — Vfi(z))).
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Let L > 0 be a Lipschitz constant of the gradient V fi. Then
1f1(z; + toju;) — V fi(x;)| < Ltoj||u;|| = Lto;.
Since ||v]| > €, we obtain
flzj +tuy) — f(z;) <tal (Vfi(x;) — &) + Lt’o;
= —tIVfi(z;) - &l + Lo,
<t(—r + Lt).

For t = r/2L we have

2
— T — _
flz; +tu;) — f(x;) < i < —eptr < —epte.

This means that at each iteration we have t; > t > ¢/2L and the function
f decreases by at least epe2/2L > 0 at each iteration. Since the function is
bounded from below, Algorithm [5.2| must stop after a finite number of iterations.

O

Finally, we show that the gradients of the functions f; and fi; are Lipschitz.

LEMMA 6.10. The gradient of the function fi1 satisfies Lipschitz condition with
the constant L = 2.

Proof. Tt follows from that for any y',y? € R
Vi) = Vin@?) =20 —y*).

Then ||V fr1(y*) — Ve (y?)| = 2|yt — 2| that is the gradient V fi; satisfies
the Lipschitz condition on R™ with the constant L = 2. O

LEMMA 6.11. The gradient of the function fr1 satisfies Lipschitz condition with
the constant L = 2.

Proof. The proof is similar to that of Lemma [6.10) O

7. Incremental algorithm

In this section we present an incremental algorithm for solving Problem
using the DC approach. Since the problem is nonconvex, the use of an
incremental approach allows to generate starting cluster centers and to apply
a local method to find high quality solutions to the clustering problem. We
apply an algorithm introduced in [38] to generate starting cluster centers. The
incremental algorithm proceeds as follows.

ALGORITHM 7.1. An incremental clustering algorithm.

Step 1: (Initialization) Compute the center ; € R™ of the set A. Set | = 1.
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Step 2: (Stopping criterion) Set | =1+ 1. If [ > k then stop. The k-partition
problem has been solved.

Step 3: (Computation of a set of starting points for the auziliary clustering
problem) Apply the procedure from [38] to find the set S; C R™ of
starting points for solving the auxiliary clustering problem with
k=1

Step 4: (Computation of a set of starting points for the l-th cluster center).
Apply Algorithm to solve Problem starting from each point
y € S1. This algorithm generates a finite point set Sy C R™.

Step 5: (Computation of a set of cluster centers) For each § € Sy apply Algo-
rithmto solve Problem (7)) starting from the point (@1, ...,®;—1,9)
and to find a solution (g, . ..,¥;). Denote by S3 C R™ a set of all such
solutions.

Step 6: (Computation of the best solution). Compute

fln”n = min{fl(gla'“v@l) ‘ (@17"'7@l) € 53}

and the collection of cluster centers (y, ..., y;) such that fi(y,,...,7y;) =

Step 7: (Solution to the l-partition problem). Set ; = y;, j =1,...,l as a
solution to the [-th partition problem and go to Step 2.

In addition to the k-partition problem, Algorithm solves also all inter-
mediate [-partition problems where [ = 1,...,k—1. Algorithm is applied to
solve both the clustering and the auxiliary clustering problems at each iteration
of Algorithm In its turn, Algorithm [5.2] uses Algorithm [5.1] to find a Clarke
stationary point of these problems. Together, these three algorithms are called
DCD-BUNDLE method.

8. Numerical Experiments

To test the new DCD-BUNDLE method DCD-Bundle we compared it to
DCClust introduced in [2I] and the classical multi-start k-means MS-KM [42].
Solvers DCD-Bundle and DCClust are both implemented in Fortran 95 while
MS-KM is implemented in Fortran 77. All the software were compiled using
gfortran, the GNU Fortran compiler. The experiments were performed on
MacBookAir (OS El Capitan 10.11.3) with Intel® Core™™ i5, 1.6 GHz and RAM
4 GB. The algorithms DCD-Bundle and DCClust as well as the data sets used in
our experiments can be downloaded from http://napsu.karmitsa.fi/clustering/.

We used ten large real world data sets in our experiments. The brief de-
scription of these data sets is given in Table [Il The more detailed description
can be found in [43] and references given in Table All the data sets con-
tain only numeric features and they do not have missing values. The number
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of attributes ranges from very few (2) to large (128) and the number of data
points ranges from tens of thousands (smallest 13 910) to hundred of thousands
(largest 434 874).

DCD-Bundle and DC-Clust use the incremental approach to solve clustering
problems globally. We computed incrementally up to 25 clusters with all data
sets. MS-KM uses the simple randomized multistart scheme for starting points.
Thus, it does not give any intermediate results. For comparison purposes, we
made different runs for different number of clusters. For MS-KM, the maximum
number of different starting points was always kept big enough, however, we
limited the computational time of the solver to be approximately twice that of
used by DCD-Bundle. We also stopped the run if the wall clock was more than
24 hours without any progress. More specifically, if after 24 hours MS-KM was
still computing clusters from the first starting point. Note that, the maximum
time spent in any data set by the other two solvers was less than nine hours.
We report the number of used starting points for MS-KM instead of CPU time.

Results are given in Tables where we use the following notation:

e k is the number of clusters;

e fiest (multiplied by the number shown after the name of the data set)
is the best known value for the cluster function (multiplied with m)
for the corresponding number of clusters. We have used the fyes value
given in [2I] (for those data sets that were used also in [21]) unless
we got better value in our experiments. If the value obtained in our
experiments was better than that of [2I] we have marked it with an
asterisk.

e FE, is the relative error in % by an algorithm A which is calculated as

follows: B
Ey = S = Joest 100%,

fbest

where f is the cluster function value obtained by an algorithm A.
e cpu is the used CPU time in seconds.

e 1, is the number of starting points used (with MS-KM).

In addition, the dependence of computational time of algorithms as well as the
number of distance function calculations on the number of clusters are given in
Figures [I] and

The data sets can be divided into three groups. The first group contains
data sets with a small number of attributes (2 or 3, see Table : that is,
D15112, P1a85900, Skin Segmentation, and 3D Road Network data sets. Results
presented in Tables and [11] demonstrate that in these data sets the
accuracy of the solvers was quite similar and the solutions found were at least
close to the best known solutions. The only remarkable exception here is MS-KM
in Skin Segmentation data set with k£ > 10, where the results were far away
from global minima (see Table . MS-KM also had some difficulties in D15112
data set with k£ > 15, in Pla85900 data set with k¥ = 2 and k£ = 5, and in 3D
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Table 1: The brief description of data sets

Data sets No. instances No. attributes References
Gas Sensor Array Drift 13910 128 44
EEG Eye State 14980 14 43
D15112 15112 2 45
Online News Popularity 39644 58 46
KEGG Metabolic 53413 20 47
Shuttle Control 58000 9 [43)*
P1a85900 85900 2 45
MiniBooNE particle identification 130064 50 43
Skin Segmentation 245057 3 48
3D Road Network 434874 3 49

*Thanks to NASA.

Road Network data set with £ = 25. In 3D Road Network data set, the value
of the clustering function was clearly improved from that given in [2I] with
DCD-Bundle (1.81 % with 25 clusters).

The second group consists of data sets with medium number of attributes
(920, see Table . They are EEG Eye State, KEGG Metabolic, and Shuttle
Control data sets. Results in these data sets are given in Tables [3] [6] and [7]
respectively. Results show that both DCD-Bundle and DCClust can find the near
best known solution for almost all £ in EEG Eye State, and KEGG Metabolic.
Here, DCD-Bundle had difficulties with £ = 20 in EEG Eye State while DCClust
had difficulties with &k = 20 in KEGG Metabolic. In addition, results in Shuttle
Control data set show that DCClust had difficulties with 20 clusters. Here,
DCD-Bundle had difficulties already with 15 clusters and they continued when
the number of clusters was increased. In Shuttle Control data set, most points
are very close to each other and clusters are not well separated when their
number is large. Thus, this failure in accuracy with DCD-Bundle does not seem
to be fatal. MS-KM failed to find even near best known solutions in almost all
the cases.

The last group contains data sets with a large number of attributes (50—
128, see Table . They are Gas Sensor Array Drift, Online News Popularity,
and MiniBooNE particle identification. The results can be found in Tables [2]
and [9] respectively. Again, both DCD-Bundle and DCClust found the near
best known solution for almost all k£ while MS-KM had some serious problems.
Moreover, with MiniBooNE particle identification data set MS-KM only solved
the problem with two clusters within given time limit of 24 hours. The error
obtained was enormous and it used almost 2000 seconds to compute the result,
while DCD-Bundle solved the same problem accurately in less than five seconds.

The new method DCD-Bundle was clearly faster than DCClust with data sets
from the last group, that is, data sets with a large number of attributes (Sensor
Array Drift, Online News Popularity, and MiniBooNE particle identification,
see Figures [1(a) [1(d)l and [1(h)). In addition, DCD-Bundle was more efficient
than DCClust with data sets including the relatively small number of instances
regardless of the number of attributes (EEG Eye State and D15112, see Figures
and , and with data sets with a large number of instances but a small
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number of attributes (P1la85900, Skin Segmentation, and 3D Road Network, see
Figures and .

When the number of instances was relatively large (> 50 000) and the num-
ber of attributes was not small (that is, KEGG Metabolic and Shuttle Control,
see Figures and DCD-Bundle used about the same or a bit more cpu-
time than DCClust. The needed number of distance function computations
versus the number of clusters revealed similar trends to those of computational
times with DCD-Bundle and DCClust while MS-KM usually used significantly less
distance function evaluations than the other algorithms (see Figure |2)). How-
ever, the procedure used in MS-KM is completely different from that of the other
two and the sole number of distance function calculations does not give a right
impression of the computational burden. As said at the beginning of the sec-
tion, the computation times of MS-KM were always at least twice that used by
DCD-Bundle. In large data sets poor results obtained by MS-KM are mainly due
to the fact that this algorithm had time to solve the clustering problem using
only one starting point.

Table 2: Summary of the results with Gas Sensor Array Drift (x10%3).

k Srest DCD-Bundle DCClust MS-KM

Ea cpu Ea cpu Ea Nsp
2 7.91186 0.00 17.76 0.00 24.78 0.00 14
3 5.02412 0.00 49.42 0.00 64.00 0.00 42
5 3.22394 0.10 151.86 0.10 165.43 0.00 146
10 1.65524 0.01 467.90 0.00 510.62 2.68 531
15 1.13801 0.36 870.13 0.36 988.77 12.10 782
20 0.87916 2.61 1211.98 0.62 1514.49 31.32 899
25 0.72348 0.67 1534.75 0.47 2053.33 22.04 1002

Table 3: Summary of the results with EEG Eye State (x108).

k frest DCD-Bundle DCClust MS-KM

E4 cpu Ea cpu Ea ngp
2 8178.13809 0.00 0.15 0.00 0.44 0.00 1
3 1833.88058 0.00 0.17 0.00 0.84 227.91 1
5 1.33858 0.00 0.76 0.00 2.66 449091.75 1
10 0.45669 0.00 9.07 0.00 18.63 193.40 6
15 0.34653 0.28 23.14 0.26 49.07 4.78 21
20 0.28987 1.53  40.91 0.96 88.35 2.83 25
25 0.25989" 0.04 59.31 0.00 137.86 2.12 54
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Table 4: Summary of the results with D15112 (x10'1).
k frest DCD-Bundle DCClust MS-KM
Ea cpu Ea cpu Ea ngp
2 3.68403 0.00 0.79 0.00 0.93 0.00 2
3 2.53240 0.00 1.54 0.00 1.92 0.00 2
5 1.32707 0.00 2.55 0.00 3.21 0.00 6
10 0.64491* 0.62 5.58 0.62 8.00 0.00 17
15 0.43136™ 0.25 10.05 0.25 18.18 0.00 22
20 0.32177 0.03 16.03 0.00 32.58 2.69 23
25 0.25309 0.00 29.37 0.00 53.89 3.80 39

Table 5: Summary of the results with Online News Popularity (x10'?).

k Srest DCD-Bundle DCClust MS-KM
Ea cpu E4 cpu Eqs  nep
2 9.53913 0.00 64.20 0.00 97.81 0.00 10
3 5.91077 0.00 167.06 0.00 253.04 0.13 14
5 3.09885 0.00 364.86 0.00 541.38 0.35 52
10 1.17247 0.00 1043.89 0.00 1499.72 82.56 146
15 0.77637 0.97 1681.39 0.00 2653.41 33.17 151
20 0.59809 0.00 2880.16 0.00 4292.31 34.48 262
25 0.49616 0.82 4782.29 0.00 6011.97 45.11 309
Table 6: Summary of the results with KEGG Metabolic (x108).
k frest DCD-Bundle DCClust MS-KM
E4 cpu Ea cpu Ea ngp
2 11.38530 0.00 5.23 0.00 6.65 18.85 1
3 4.90060 0.00 13.41 0.00 18.25 124.79 1
5 1.88367 0.00 84.22 0.06 66.35 0.00 1
10 0.63515 0.30 388.59 0.21 358.11 30.34 7
15 0.35393" 0.00 747.86 0.26 719.32 98.14 11
20 0.25027* 0.00 1086.82 2.04 1122.56 161.39 18
25 0.19289 0.94 1632.00 0.75  1549.19 221.85 29
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Table 7: Summary of the results with Shuttle Control (x10%).

k Srest DCD-Bundle DCClust MS-KM
Ea cpu Ea cpu Ea ngp
2 21.34329. 0.00 0.40 0.00 1.19 51.13 1
3 10.85415 0.00 0.93 0.00 3.33 100.52 1
5 7.24479 0.00 39.27 0.24 21.26 38.73 1
10 2.83216 0.20 138.48 0.33 78.65 130.62
15 1.53154 3.78 531.97 0.37  290.63 200.94 27
20 1.06012 2.33  652.78 1.16 516.43 268.71 45
25 0.78727 4.64 778.04 0.13 774.88 326.43 44
Table 8: Summary of the results with P1a85900 (x10%%).
k Srest DCD-Bundle DCClust MS-KM
E4 cpu Ea cpu Ea  ngp
2 3.74908 0.00 16.27 0.00 15.63 1.44 1
3 2.28057 0.00 31.52 0.00 30.05 0.00 1
5 1.33972 0.00 62.17 0.00 60.87 2.77 1
10 0.68294 0.00 141.46 0.00 145.04 0.55 3
15 0.46249 0.00 231.45 0.00 254.82 0.00 4
20 0.34988 0.52  339.97 0.52 383.46 0.03 7
25 0.28265 0.00 450.94 0.00 529.44 0.06 17

Table 9: Summary of the results with MiniBooNE particle identification (x10'°).

k Srest DCD-Bundle DCClust MS-KM

Ea cpu Ea cpu Exs nsp
2 8.92236 0.00 4.25 0.00 13.26 286908.08 1
3 5.22601 0.00 246.56 0.00 258.50 — -
5 1.82252 0.00 1245.83 0.00 1209.26 - -
10 0.92406 0.00 6209.16 0.02 7196.27 - -
15 0.63506 0.00 12229.20 0.02 15537.69 — —
20 0.50863 0.00 18696.58 0.02 24363.40 - -
25 0.44425 0.00 25132.90 0.02 30855.61 - -
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Table 10: Summary of the results with Skin Segmentation (x109).

k Srest DCD-Bundle DCClust MS-KM
Ea cpu Ea cpu Ex nsp
2 1.32236 0.00 167.97 0.00 166.33 0.00 1
3 0.89362 0.00  303.41 0.00  290.68 0.00 1
5 0.50203 0.00  544.13 0.00  517.17 3.28 1
10 0.25121 0.00 1094.79 0.00 1076.48 0.00 4
15 0.16964 0.18 1646.77 0.18 1640.04 13.09 7
20 0.12770 0.15 2164.16 0.15 2217.97 26.51 10
25 0.10299 0.01 2719.04 0.01 2844.37 32.61 7
Table 11: Summary of the results with 3D Road Network (x10).
k Srest DCD-Bundle DCClust MS-KM
Ea cpu Ea cpu Ea ngp
2 49.13298 0.00 398.79 0.00 446.96 0.00 1
3 22.77818 0.03 897.46 0.00 1004.36 0.00 1
5 8.82574 0.00 1767.64 0.00  2005.20 0.00 1
10 2.56662" 0.00  3994.52 0.20  4332.89 0.01 1
15 1.27069* 0.00  6354.14 0.00  6727.42 0.00 1
20 0.80869" 0.00  8679.32 0.00  9300.88 0.01 1
25 0.59259* 0.00 11348.30 3.77  12478.87 1.61 1
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Figure 1: The CPU time vs the number of clusters.
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Figure 2: The number of distance function calculations vs the number of clusters.
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9. Conclusions

In this paper a new DCD-BUNDLE method for solving the minimum sum-
of-squares clustering problem is introduced. This problem is formulated as a
nonsmooth DC programming problem. The proposed method explicitly utilizes
this DC representation.

The DCD-BUNDLE method consists of three different algorithms: an incre-
mental algorithm (Algorithm [7.1)) is used to solve clustering problems globally.
At each iteration of this algorithm an algorithm for finding an inf-stationary
point (i.e. Algorithm is used to solve both the clustering and the auxil-
iary clustering problems. In its turn, this algorithm utilizes a DCD-BUNDLE
-algorithm (Algorithm to find a Clarke stationary point of these problems.
We have proved that the proposed DCD-BUNDLE method converges to an inf-
stationary point of the clustering problem.

The DCD-BUNDLE method was tested using real world data sets with the
number of data points ranging from tens of thousands to hundred of thousands.
We can conclude that the DCD-BUNDLE method is both efficient and accurate
and it can be used to provide real time clustering in large data sets.
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