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Abstract—In this paper a new method of preprocessing in-
complete data is introduced. The method is based on clusterwise
linear regression and it combines two well-known approaches
for missing value imputation: linear regression and clustering.
The idea is to approximate missing values using only those data
points that are somewhat similar to the incomplete data point. A
similar idea is used also in clustering based imputation methods.
Nevertheless, here the linear regression approach is used within
each cluster to accurately predict the missing values, and this is
done simultaneously to clustering. The proposed method is tested
using some synthetic and real-world data sets and compared
with other algorithms for missing value imputations. Numerical
results demonstrate that this method produces the most accurate
imputations in MCAR and MAR data sets with a clear structure
and the percentages of missing data no more than 25%.

Index Terms—Data analysis, Incomplete data, Imputation,
Clusterwise linear regression, Nonsmooth optimization.

I. INTRODUCTION

HE occurrence of missing (or incomplete) data is very

common in many fields of research such as social sci-
ences, biology, medicine and climate science. There are vari-
ous reasons for possible incompleteness of data. For instance,
in medical domain some data may be missing due to not
performing certain procedures on a given patient or due to
malfunction of a certain equipment. In addition, data may be
missing because the patient chose not to disclose them [/1].

As the quality of knowledge extracted from a data depends
strongly on the quality of the data, missing values may
have a significant effect on the conclusions drawn from the
data. Moreover, most of the existing knowledge discovery
and data mining algorithms, used for example in clustering
and classification, are designed under the assumption that
there are no missing values in the data. The performance of
these algorithms may be considerably worsened when data is
incomplete. Therefore, data preprocessing is a critical task in
the knowledge discovery to ensure the quality of the data to
be analyzed and the performance of the tools to be used.

In this paper, a new missing value imputation method,
IVIACLR (Imputation via Clusterwise Linear Regression),
is introduced where clusterwise linear regression (CLR) is
used to predict suitable imputations. In CLR clustering is
intertwined with regression. Thus, the “clusters” formed with
CLR are not clusters in the traditional ball-shaped form, and
the imputation results (predictions) obtained with CLR differ
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significantly from those obtained with its closest counterpart
[2]], [3]] where a combination of clustering — with some cluster
centers and ball-shaped clusters — and linear regression is
used for missing value imputation. This makes CLR unique
technique to predict the missing values. To the best of our
knowledge, this is the first time the CLR approach is used for
missing value imputation.

The main idea in the IVIACLR is to use those data points
for regression which are similar to the incomplete data object.
More precisely, we determine the value of a missing feature
based on the object’s observed features and its similarity to
other objects in the data set. The difference between the IVIA-
CLR and the methods [2], [3]] mentioned above is that, instead
of using clustering and regression separately one after another,
we apply the CLR (with three different prediction methods)
to predict suitable imputations. Therefore, “cluster centers” in
the IVIACLR are linear regression functions and the IVIACLR
computes all the predictions to missing values simultaneously
to clustering. In addition, the IVIACLR applies the incremental
approach, which allows us to utilize intermediate results and,
thus, knowing the number of clusters a priori is not as crucial
as in clustering based approaches.

The performance of the proposed method is studied and
compared to other imputation methods using three artificial
and five real-world data sets of various sizes with varying
percentages of missing values. Most of our experiments are
made under the MCAR assumption. In addition, some tests are
run with the MAR and MNAR missing data mechanisms (see
e.g. [4], [5]). The evaluation metrics used in our experiments
are the root mean square error (RMSE), mean absolute error
(MAE), and unsupervised classification error (UCE). In addi-
tion, we introduce a new cluster center displacement (CCD)
criterion that can be used together with the UCE to measure
bias in the imputed values.

The main contributions of the paper are to

« introduce a novel CLR based approach for missing value
imputation;

o implement a new algorithm IVIACLR to impute missing
values (available at GitHub https://github.com/SnTa2019/
Missing- Value-Imputation);

e propose a new CCD criterion.

The rest of the paper is organized as follows. Section
provides a brief overview of existing methods for dealing with
incomplete data. The CLR problem and an algorithm for its
solution are described in Section [l Section [V] introduces
the IVIACLR. The new CCD criterion is introduced and the
results of numerical experiments are reported in Section
Finally, Section [V]] concludes the paper.
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II. RELATED WORK

To date, there are several approaches to deal with incom-
plete data. These approaches can be divided into three main
categories:

1) Deletion-based methods (e.g. pairwise deletion and list-
wise deletion [4], [5]) strive toward the complete data
by removing all the observations/attributes containing
missing values. Because of their simplicity, these meth-
ods are fairly popular. However, they may lead to a
significant loss of information which call for thorough
consideration before using them [4].

2) Learning methods for complete and incomplete data
apply machine learning techniques to classify or cluster
incomplete data directly without explicitly estimating
missing features or modifying the data set. These meth-
ods include those based on clustering methods like mod-
ifications of k-means [6]-[9] and fuzzy c-means [10],
[11]], neural networks [12]-[[16] and different variants
of kernel methods [17]]-[19].

3) Imputation methods fill missing values in order to com-
plete the original data set without significant loss of
information. The key advantage of these methods is
their ability to create a complete data set by embedding
new values (predictions) without changing the original
observed values in the data set.

Imputation methods, in their turn, can be divided into three
groups:

1) Data-driven imputation methods usually produce the im-
puted values by relatively simple statistical/mathematical
methods like mean, conditional mean, hot-deck, cold-
deck, or substitution [4], [20].

2) Model-based imputation methods use mathematical or
statistical models to handle missing values and to predict
correct imputations. This group consists mainly of re-
gression and maximum likelihood based algorithms like
the multiple imputations by chained equations (MICE)
and stochastic regression [4], [21]-[23]], and expectation-
maximization (EM) [4]], [24], [25].

3) Machine learning based algorithms include those which
use neural networks [26]], [27], clustering and classifi-
cation [28]]-[31], and k-nearest neighbours (k-NN) [32],
[33]] techniques.

III. BACKGROUND
A. Notations and Definitions

Throughout the paper the following notations are used: the
Euclidean norm in R™ is denoted by ||| and the inner product
of vectors a and b is a”b (bolded symbols are used for
vectors).

We have a data set A = {ai,as,...a,} of m objects
(observations, instances, data points), and each object has n
features (attributes, variables). We denote by a;; (1 <4 < m
and 1 < j < n) the value of the feature j in the object a;. A
data point a; is called complete, if a;; # O forall j = 1,...,n,
and incomplete, if a;; = () for at least one j € {1,...,n}. In
the latter case, we say that the object a; has a missing value
on the feature j. The features a;;, j € {1,...,n} that are

available for an incomplete object a; are called the reference
attributes. Our aim is to find and impute the values of non-
reference attributes for incomplete objects.

For regression purposes we denote A = {(a1,b1), (a2, ba),
ooy (@mybm)}, where a; € R*™! (i = 1,...,m) are the
input variables and b; € R is the output variable. If missing
values are only in one feature, say in feature j of the data set
A, then we set b; = a;;, ¢ = 1,...,m, and the rest of the
features are input variables. However, in real-world data sets
values are typically missing in several features. In such cases,
we go through all features with missing values iteratively using
some initial imputations in place of missing values on those
features that are not output variables at the current iteration.

B. Nonsmooth Optimization

Nonsmooth optimization (NSO) refers to the general prob-
lem of minimizing (or maximizing) functions which are
not continuously differentiable. This means that the gradient
V f(x) of the function f needs not to exist for all x € R™.
However, we can define the subdifferential [34] that allows
us to generalize the classical theory of optimization to NSO.
The subdifferential Of(x) of a locally Lipschitz continuous
function f at a point € R™ is given by

Of (x) = conv{ _lim Vf(xz;) | x; — x and V f(x;) exists },

where “conv” denotes the convex hull of a set. Each compo-
nent £ € Jf(x) is called a subgradient of f at x. For more
details on NSO, we refer to [35]].

C. Clusterwise Linear Regression

CLR is a technique to approximate data using two or more
linear functions. It is based on two well-known approaches:
clustering and regression. Given a data set A = {(a;,b;) €
R" ! xR | ¢ =1,...,m}, CLR aims to partition it into
k clusters and, simultaneously, to find regression coefficients
{zj,y;}, z; e R y; € R, j=1,...,k within clusters
in order to minimize the overall fit. Let ) # A7 C A, j =
1,...,k be clusters such that

1. Aﬁﬂfkﬂ =0, forall j,l=1,...,k j#I, and

2. A=Y 4.

j=1

Let {z;,y;} be linear regression coefficients computed using
solely the data points from the cluster A7, j = 1,..., k. Then
for a given point (a,b) € A and coefficients {x;,y;} the
squared regression error Eqp(x;,y;) is given by

Eay(®j,y;) = (x] a +y; — b)”.
A data point is associated with the cluster whose regression
error at this point is the smallest. The function

,,,,,

is called the k-th CLR function (overall fit function) [36]-[38]].
Here x = (z1,...,x;) € R"™V¥ and y = (y1,...,yx) €
R%. The NSO formulation of the CLR problem is given by

{minimize fr(z,y)

subject to = = (xy,...

1
) € R-DE 4 ¢ RE, M
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Problem is convex for £ = 1 and nonsmooth, nonconvex,
and piecewise quadratic for k£ > 1. The number of clusters k
is not always known a priori and it should be specified before
solving Problem (I). The number of variables in Problem (IJ
is n x k and it does not depend on m, the number of objects
in a data set.

CLR has many applications (see, e.g. [39]-[44]). The al-
gorithms for solving general CLR problems are those based
on data mining [45]-[47]; statistical [43], [48]], [49]; and
optimization approaches [36]—[38], [SO]-[53]. In principle, any
of these algorithms could be used in the IVIACLR. In this
paper, we use the algorithm LMBM-CLR [53]] to solve the
CLR problem. The reason for choosing this method is that it
is as accurate as most other methods but it requires less CPU
time (see [53|] for numerical comparison of the LMBM-CLR
and other CLR algorithms). This is very important as both
the incomplete data set and the number of missing values
in the data may be large. In addition, the LMBM-CLR is
an incremental algorithm, which allows us to use also the
intermediate results of the CLR procedure. That is, in addition
to the k-th CLR problem (), the LMBM-CLR solves also all
the intermediate [-th CLR problems, where [ = 1,... k — 1.

D. LMBM-CLR -Method

The LMBM-CLR consists of two parts: an incremental
algorithm is applied to solve CLR problems globally and
at each iteration of this algorithm the NSO solver, limited
memory bundle method (LMBM), is used to solve (locally)
both the CLR problem (I} and the so-called auxiliary CLR
problem starting from various initial points provided by the
incremental algorithm. Figure |I| illustrates the structure of
this combination. The auxiliary CLR problem has a simple
structure and its solutions provide the most promising initial
points for the CLR problem when combined with the solution
obtained at the previous iteration of the incremental algorithm.
At the final stage the data points are associated to the clos-
est regression functions (missing values are not used when
computing the regression error).

The underlying optimization solver LMBM is originally
developed for solving general large-scale NSO problems.
It is a bundle method that collects subgradient information
from the previous iterations into a bundle to approximate the
subdifferential of the objective function. The bundle is used to
generate a better model of the objective function if the descent
condition, i.e. the serious step, is not satisfied (see Figure [I)).

For more details on the LMBM-CLR we refer to [53]], on
the incremental algorithm and the auxiliary problem to [36],
and on the original LMBM to [54f], [55].

IV. A CLR ALGORITHM FOR MISSING VALUE IMPUTATION

In this section, we introduce a new imputation method IVIA-
CLR. The IVIACLR consists of three different parts: initial
imputation, CLR-method, and prediction. We first introduce
the main algorithm and then provide some discussions on the
initial imputations and the prediction methods.

A. Main Algorithm

The IVIACLR consists of the inner and outer iterations.
In the inner iteration, we go through all features with missing
values iteratively using some initial imputations (or previously
imputed values) in place of missing values on input variables.
We repeat this process (outer iteration) with imputed values as
place holders until the results are not changing significantly
or the maximum number of outer iterations is reached. The
IVIACLR -algorithm is as follows:

Algorithm 1: IVIACLR

Data: An incomplete data set A = {ay,as,...,an}, the
maximum number of linear functions k, the
maximum number of outer iterations 0,,42 > 1,
and a tolerance € > 0.

Result: The imputed data set AP,

Use a simple imputation method (e.g. mean) to impute
all missing values. These imputations are considered as
“place holders”;

Set iy = 0;

while i, < 014, dO

Set iout = tout + 15

while There are features with missing values do

Find the feature ;7 with most missing values and
set the output variable b; = a,;, i = 1,...,m.
The rest of the variables (with place holders
and/or previously imputed values) are input
variables;

Use clusterwise linear regression to predict
missing values for the feature j;

Replace missing values at the feature j with their
predictions. Set those values as “not missing”;

if i,,; > 1 then

Compute the difference d between previous and
current imputations;

if d < ¢ then
| STOP with the current imputed data set.

Set all originally missing values again as “missing”;

STOP with the current imputed data set;

REMARK 1. The maximum number of linear functions (clus-
ters) is data specific and it should be given as an input param-
eter to the IVIACLR. When an incremental CLR algorithm like
LMBM-CLR is used within the IVIACLR it is enough to give
an upper limit and any intermediate number of clusters can be
chosen as a solution. The selection can be done, for instance,
based on the CLR function values and their decrease when one
cluster is added. Possible procedures for “intelligent” stopping
will be studied in the future.

REMARK 2. In the current version of the IVIACLR we only
consider continuous numeric data. Discrete (integer) data can
be considered simply by rounding the final results. Further-
more, it is possible to generalize the proposed approach to
deal with different data types (e.g. binary).
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Incremental Algorithm for CLR Problems

Initialization:
Select the maximum number of
linear functions k > 0; Compute the

first linear rePressmn function
(x1,y;) € R "X Rof the set A.
Set /=1.

Type of

Solution of the I-th CLR problem:
Set =/+1. |4—|Set G =%y =3 j=1,....L
where (x/ v ) € [R is the best

solution ohia\ned

< No. Auxiliary CLR

problem?

Yes

e problem solved?

LvMBM
Direction finding:
Compute . Aggregation: _
d=-D§ Compute a new &.
using the limited memory
SR1 update.

Line search:

Find step sizes 7, and g .
N Evaluate

y=x+1gd,
o

f !

Desired accuracy?

Direction finding:
Compute ~ Serious step: No—
CLR problem: d=-DE f) <flx))
Use LMBM algorithm with f = f; to solve using the limited memory
Initialization of auxiliary CLR problem: the I-th CLR problem minf,(x,y) starting BFGS update.
Stopping criterion: >-No-| Find the set §; € R” of starting points for from x = (¥1,yy, .. Xio1. Vg, %, 3) € R A Yes
the auxiliary CLR problem for each (x,y) € S. |

Auxiliary CLR problem:
In order to find the set S, c R" of starting points
for the /-th CLR problem, use LMBM algorithm

Serious step initialization:

t
§=E€df(v).

Update step:
< Set

x=y.

with f =f, and x = (x,y) to solve the I-th

auxiliary CLR problem minf(x,y) starting
from each point (x,y) € S.

Fig. 1.

x, D=1, E € df(x).

LMBM-CLR -method. In the LMBM, D denotes the inverse variable metric approximation of the Hessian and € € Of(x) is an arbitrary element

(subgradient) from the subdifferential. The flowchart is drawn using Lucidchart (http://www.lucidchart.com).

B. Initial imputations

There are three different options for initial imputations in
the IVIACLR.

1) Mean imputation. In the mean imputation the mean of
all observed values of the feature with the missing value
is used as an impute.

2) Linear regression imputation. In the linear regression
imputation the complete data set, i.e. data set produced
with deletion, is used and this data is the same for all
features with missing values.

3) Recursive regression imputation. In the recursive regres-
sion imputation the feature with the least number of
missing values is imputed first using the complete data.
Then the feature with the next fewest missing values
is imputed using the updated data set with previously
imputed values. This process is repeated until all missing
values are imputed.

As a sole imputation method, the mean is known to produce
imputations with a high level of bias by pulling or pushing
the distribution of the imputed data toward the mean of the
observed data. The positive point is that the mean imputation
is extremely easy to compute and we can apply it even if
every object in the data set has missing values. Thus, it is well
suited to be an initial imputation method. On the other hand,
the linear (recursive) regression imputation underestimates the
variance of imputed items. This is not a major issue in our
method due to the fact that more than one linear function is
computed in this method. Note that one can not compute initial
imputations with the regression model if there is no complete
data, that is, if every object has one or more missing values.

C. Prediction methods

Design of a prediction method based on CLR is not
straightforward. In the IVIACLR we have tested three different
weighting based prediction approaches. Here, as before, k is
the number of linear functions (clusters), (z;,y;) € R" "' xR
are the regressmn coefficients corresponding to the j-th cluster,
j = ,k, and (a;,b;) is a data point with a poss1b1e
missmg value in b;. For an object (a;,b;)) € R*, i=1,...,m
with a missing value in b; we compute

zj:m?ai—ﬁ—yj, j=1,... k.

The following methods are used in the IVIACLR to compute
the weight w; of the j-cluster, j =1,... k.

1) Simple weighting method [39]. In the simple weighting
method the weight w; is computed as w; = m;/m,
where m; is the number of points in the j-th cluster
and m is the total number of points in a data set.

2) Local weighting method. In the local weighting method
we, instead of all m data points, use only I < m
nearest neighbours to compute the weight. Once the
nearest neighbours have been selected the weight w;
is computed as w; = [;/l, where [; is the number of
nearest neighbour points from the j-th cluster.

3) RMSE based local weighting. In this method, using the
RMSE, we first determine how similar the data point
(a;, b;) with a missing value in b; is to [ of its nearest
neighbours (ap,bp), h € {1,...,m}, h # i. Let Cp,, be
a set of indices of the nearest neighbours (i.e. h € Cyn
and |C,,,| =) and C; be a set of indices of the nearest
neighbour points from the j-th cluster (|C;| = 1;), j =
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1,..., k. The weight w; is computed as
TTMSEe — rmsep;
w; = E e —
! (I — 1)Tmse
hec;
where 7mse = Zhec rmsep;, and rmsey; is the
nn

RMSE between a; and aj,. Here, we set w; = 1/l
if 7mse = 0. If [ = 1, we simply take the nearest
neighbour (the one with the smallest rmsep;) and the
cluster j* it belongs to, and we set w;+ = 1 and w; = 0
for all j # j* .

Now, the imputed values are given by

k

mp __ .

b; 7E wizg, t=1,...,m.
Jj=1

Naturally, in all the cases, we can skip the procedure, if (a;, b;)
has no missing value in b; and repeat the procedure (with
different (a;, b;)) if object a; has more than one missing value.
Although the first approach is the most simple to implement
it suffers the same drawback than just a linear regression
imputation approach: all the missing values of a single feature
are imputed to one regression line. The second and third
approaches make it possible to better utilize the obtained
cluster structure. The problem with these approaches in large
data sets is the computational burden when computing the
nearest neighbours. In order to make the implementation more
efficient we, instead of using every data point, select the
maximum number of points l,,,,, < m that we are randomly
looking through when seeking for the nearest neighbours.

V. NUMERICAL EXPERIMENTS

The proposed algorithm IVIACLR is tested using some
artificial and real-world data sets and compared to some
commonly used methods for imputation: the mean imputation,
regression imputation, and MICE [21]], [23], [56]

The IVIACLR is implemented in Fortran 2003 and compiled
using gfortran, the GNU Fortran compiler. The mean
and regression imputations are obtained as initial imputations
for the IVIACLR (i.e. we select the initial imputation to be
either the mean or the regression and set the number of
regression functions to zero in the actual CLR procedure). For
MICE the build-in R-implementation with default parameters
is used [57].

REMARK 3. The source code of the IVIACLR is
available at  GitHub (https:// github.com/SnTa2019/
Missing-Value-Imputation). To use the code one does
not need to know Fortran: just giving the input (name of the
incomplete data set and its numbers of points and features),
the output (name of the imputed data set), and the maximum
number of regression functions is enough, and the program

will deal with the rest.

A. Data Sets

To test and compare the above mentioned imputation meth-
ods we use three artificial and five real-world data sets. Most of
our tests are made with the MCAR data. That is, we generate

incomplete data sets with varying percentages of missing
values (from 5% to 45% of all entries) by randomly removing
some values of the original complete data. Nevertheless, every
data point has to have at least one reference attribute in it. In
addition, some tests are run with the MAR and MNAR missing
data mechanisms. To generate MAR and MNAR data, we
apply the multivariate amputation procedure [58|] implemented
as the function ampute [59] in R-package MICE. We use the
default parameters of ampute and only generate 5, 15 and
25 percentages of missingness due to the limitation of this
function when the percentage of missing values is considered
with respect to entries of data (mn pieces). For all original
data sets we perform 10 runs with all percentages of missing
values (and different missing data mechanisms). That is, in 10
runs the original complete data and the percentage of missing
values are the same but different values are missing. The final
results are averaged over these 10 runs.

a) Artificial Data: To demonstrate the performance of
the proposed method in different types of data, the simple
synthetic data sets are generated to be very different from
each other. The details of these data sets are given in Table
[l where m is the number of observations, n is the number
of features and k is the optimal number of clusters. All the
artificial data used in our experiments are available at fhttps:
//github.com/SnTa2019/Missing- Value-Imputation.

TABLE I
ARTIFICIAL DATA SETS.

Data m n k Structure

D500 500 4 - no'

U500 500 2 3 very clear (clusters)?
U10000 10000 20 5 clear (clusters)®

1 Uniform distribution within [—2, 2]. 2 See Figure
3 Slightly overlapping clusters, feature values between 0 and 100.

b) Real-World Data: We use two small and three
medium sized real-world data sets in our experiments. These
data sets are available from [[60]]. Their brief description is
given in Table

TABLE II
REAL-WORLD DATA SETS.

Data m n k  Structure

Iris plant 150 4 3 clear (clusters)

Wine recognition 178 13 3 very clear (clusters)
TSPLIB1060 1060 2 5 not very clear (clusters)
Red wine quality 1599 11 6! clear (hyperplanes)
Abalone 4177 8 2° no

1 Number of clusters in 153]. 2 Number of clusters in [30].

B. Evaluation metrics

Imputation methods are compared using four evaluation
metrics:
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1) Root mean square error (RMSE) measures the differ-
ence between the true and imputed values. It is computed
by the formula

1 ;
RMSE = | = "[lag® — a;""|2,
mifl

obs P are the observed and imputed

where a?** and a]™” ar
values, respectively, and a;;np = afjl?s, je{1,2,...,n},
if the value a;; is not missing.

2) Mean absolute error (MAE) measures the average ab-

solute magnitude of the errors and is computed by
MAE = lzmjnagbs —alm|.
m ’
P

3) Unsupervised classification error (UCE) assesses the
preservation of an internal structure. More precisely, the
UCE measures how well the clustering of the complete
data set is preserved when clustering the imputed data
set. We define the UCE as

UCE = % of misclassified samples.

Here, we use the LMBM-CLUST [61] as a cluster-
ing method (it is available at http://napsu.karmitsa.fi/
clustering/).

4) Cluster center displacement (CCD) measures the dis-
tance between the centers of clusters in the complete
data set and in the imputed one. We define the CCD as

k
1 ) ,
CCD = 3l = &™ |

=1

where ¢ and ¢;"" are the centers of i-th clusters in

the original and imputed data sets, respectively, and k
is the number of clusters.

Note that the sole CCD does not give much information about
the accuracy of the imputation. Nevertheless, it supports and
reinforces the UCE by indicating if the centers of clusters are
also preserved:

e a small UCE and small CCD: the imputation can be
considered accurate;

e a small UCE and large CCD: there is some bias in
imputed values;

o a large UCE and small CCD: the overall structure of
the data set is preserved but some imputed values are
incorrect; and

o both the UCE and CCD large: the structure of the data
set is lost.

Both the MAE and RMSE measure the average magnitude of
the error. The MAE is a linear score which means that all the
individual differences are weighted equally on the average. On
the other hand, the RMSE is a quadratic score and the errors
are squared before they are averaged. Therefore, the RMSE
gives a relatively high weight to large errors and it is useful
when they are particularly undesirable.

C. Results

We visualise the most relevant results in Figures and
draw some conclusions. The more comprehensive experiments
with justification to our parameter choices can be found in the
research report [|62].

1) Choice of parameters for IVIACLR: There are several
parameters that can be adjusted in the IVIACLR: that is, for
instance, the type of an initial imputation, the number of outer
iterations, the type of a prediction method, and the number
of nearest neighbours in the prediction phase. The selected
parameters are given in Table

TABLE III
PARAMETERS OF IVIACLR.

“default value”

data specific, see Remarks |1{ and
mean

Parameter

maximum no. clusters
initial imputation

prediction RMSE based local weighting

Omaz 5 (large data), 10 (small data)
5

Imax 150

€ not applicable

REMARK 4. The number of clusters is data specific. However,
as noted in Remark |l| due to the incremental approach it is
enough to give an upper limit and any intermediate numbers
of clusters can be used to produce the solution. In addition,
the use of k “too big” does not significantly impact on the
accuracy of the imputation (but it increases computational
time). That is, making too many regression functions just adds
computational cost but the missing values are still imputed to
(or near to) the “correct” hyperplane in the prediction phase.

In the first implemantation of the IVIACLR we do not have
the tolerance ¢ for the change (see Algorithm |1) and we set
lmaz = 150 (see Subsection for all data sets.

A large number of outer iterations, 0,,,, in Algorithm El,
may prevent a “bad” initial solution. Nevertheless, it also adds
computational cost. Therefore, we select 0,4, = 10 for small
data sets, where the cost is insignificant, and 0,4, = 5 for
larger data sets, to reduce the possible computational burden.

2) Performance of IVIACLR on synthetic data: The syn-
thetic data sets D500, U500 and U10000 have different number
of points and features and two of them (U500 and U10000)
have clear structures while D500 has no structure. We compute
three clusters in U500 and five clusters in D500 and U10000.

The original data set U500 as well as the imputed data
sets with 5% and 45% of missing values are illustrated in
Figures @]—E} respectively. The RMSE, MAE, UCE, and CCD
for different imputation methods are given in Figure [5] Recall
that RMSE, MAE, UCE and CCD are averaged over 10
runs with different, but the same amount of, missing values.
Naturally, all the algorithms are applied to data sets with the
same missing values. From the figures we see the superiority
of the IVIACLR when data is clearly structured. With 5%
of missing values it significantly misplaces only one feature
(see Figure [3(a)). This displacement is due to the fact that
I neighbours used for prediction belong to different clusters.
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Furthermore, the structure of the data is still noticeable in the
imputed data set when almost half of the data is missing (see
Figure [4(a)). In addition, MICE performs quite well with 5%
of missing data. It misplaces the same feature misplaced by
the IVIACLR. However, the error with MICE is greater than
that of the IviaCLR. From Figure [5] we see that the IVIACLR
always produces imputations that have the smallest RMSEs
and their MAEs are similar to those produced by MICE.
Furthermore, the UCE and CCD show that the IVIACLR is
clearly the best in preserving the original structure of the data
set up to 35% of missing values: less than 5% of imputed data
points are clustered to other clusters in comparison with the
cluster distribution of the complete data set, and the cluster
centers are approximately the same.

Figure @presents the RMSE, MAE, UCE, and CCD for the
data set D500 with no structure. From here we conclude that
if data do not have well separated clusters or a clear structure
then the imputations produced by mean and regression are as
good as those produced by the other two methods. In fact,
the evaluation metrics show a little advantage to the mean
and regression over the more sophisticated MICE and IVIA-
CLR. Although, we compute more regression functions in the
IVIACLR and thus cover the space more densely, the fact that
points are spread out randomly causes failure in the prediction
phase of the IVIACLR.

Figures [7] and [§] present the results for U10000 data set.
Figure [7] includes all the imputation methods while Figure [§]
compares only MICE and the IVIACLR. Here, similar to US00
data set, the IVIACLR produces the most accurate imputations
due to the clear structure of the data set. Note that Figures
and [7(d)| show the usefulness of the CCD metric: the sole UCE
indicates that the mean is as good as MICE and IVIACLR up
to 25% of missing values, however the CCD shows a large
bias in the values imputed by the mean.

3) Performance of IVIACLR on real-world data: In this
subsection, we demonstrate the performance of the IVIACLR
in real life applications and compare it with other imputation
methods using the real-world data given in Table [} These data
sets are different from each other and our aim is to demonstrate
the strengths/weaknesses of the IVIACLR. In addition to the
MCAR data, we test the performance of the methods under
the MAR and MNAR missing data mechanisms with Iris and
Wine recognition data. The MAR and MNAR data used in
our experiments are available at https://github.com/SnTa2019/
Missing- Value-Imputation,

Iris plant is a well-known and widely used data set in
testing data mining tools. It contains three clusters — one
well separated and two overlapping. In this data the IVIACLR
produces accurate imputations even when 45% of the data is
missing (see Figure 0). The accuracies of these imputations
are similar or even better than those with MICE. Furthermore,
both the IVIACLR and MICE produce clearly more accurate
imputations than the mean and regression. This confirms the
conclusion obtained with artificial data that the IVIACLR
produces very accurate imputations in data with a clear cluster
structure. The evaluation metrics obtained with IVIACLR are
similar regardless of the missing value mechanism when only
5% of the data is missing (see Figures[I0] and [TT). With larger

portions of missing values there can be seen differences in the
UCEs: e.g. with 25% of values missing, only 3% of points
are misclassified in MCAR data after imputation while with
MNAR data this error is 8%.

Wine recognition is a good data set for preliminary test-
ing of data mining tools, yet it is not very challenging. It
has three classes with “well-behaved” class structures. The
number of features in this data is larger (13) than that of
Iris plant (4). Note that when the number of features or
the percentage of missing values in data is a bit larger the
regression gives very inaccurate imputations (i.e. very large
errors and CCDs, see [62]). This is due to the fact that
the complete data set, obtained by deleting all incomplete
objects and used for regression, becomes very small (or it
does not exist). To make the figures more illustrative, we
omit the regression imputation with Wine recognition, Red
wine, and Abalone data sets. With Wine recognition data all
the imputation methods but regression, produce imputations
with UCE = 0, with all percentages of missing values and all
missing data mechanisms (see Figures [T2HI4). This is due to
the existence of the very clear cluster structure of the data.
However, here we see differences in CCDs between missing
data mechanisms. This means that although the points are
clustered similarly to the original data, the cluster centers are
changed more in MNAR than in MCAR data indicating bias in
imputed values in MNAR data. Nevertheless, the bias with the
IVIACLR is smaller than that with the other methods tested.
Again, we conclude that the IVIACLR outcomes with accurate
imputations when there is a clear cluster structure in data.

The (very limited) test results with different missing data
mechanisms show that there may be a small perturbation in
the imputation obtained with the IVIACLR in MNAR data. In
MAR data the produced imputations are almost as accurate as
in MCAR data. Thus, we can say that the proposed method
is well suited for MCAR and MAR data but in data with
MNAR missing data mechanism the produced imputations
can be accepted only with care. Nevertheless, the IVIACLR
seems to produce more accurate imputations than e.g. the well-
known MICE. This is probably due to the CLR procedure
used to predict the missing values: CLR provides a good
approximation of a data and a good prediction will be obtained
assuming that the data set itself is representative and there are
prototypes among the set of complete objects.

The data set TSLIB1060 has four small clear clusters
and many noisy points distributed in the middle (see Figure
[I5). Figures and show that imputations produced by
the IVIACLR and MICE preserve this structure to some
extent even with 45% of values missing, while the mean and
regression tend to impute all the values to the middle area
of the data space. This is in accordance with the fact that
the CCD shows very large bias in centers of clusters with
the mean and regression imputations for larger percentages of
missing data (see Figure [I8). For all methods the number of
misclassified data points is large (UCE > 40%) when there
are more than 25% of missing values. With the percentage of
missing values less than 25% the IVIACLR performs as good
as MICE according to the UCE and CCD, and it always has
smaller errors RMSE and MAE.
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Fig. 4. U500: imputed data sets with 45% of MCAR data.
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Fig. 5. U500: RMSE, MAE, UCE, and CCD versus the number of MCAR values.
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Fig. 6. D500: RMSE, MAE, UCE, and CCD versus the number of MCAR values.
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Fig. 7. U10000: RMSE, MAE, UCE, and CCD versus the number of MCAR values.
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Fig. 8. U10000: RMSE, MAE, UCE, and CCD versus the number of MCAR values for MICE and IVIACLR.
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Fig. 9. MCAR Iris: RMSE, MAE, UCE, and CCD versus the number of missing values.
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Fig. 10. MAR Iris: RMSE, MAE, UCE, and CCD versus the number of missing values.
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Fig. 11. MNAR Iris: RMSE, MAE, UCE, and CCD versus the number of missing values.
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Fig. 12. MCAR wine recognition: RMSE, MAE, UCE, and CCD versus the number of missing values.
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Fig. 13. MAR wine recognition: RMSE, MAE, UCE, and CCD versus the number of missing values.
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Fig. 14. MNAR wine recognition: RMSE, MAE, UCE, and CCD versus the number of missing values.
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In Red wine quality data all the samples can be approxi-
mated exactly using 6 hyperplanes. However, the number of
samples in each hyperplane is not balanced (this is because
there are much more normal wines than excellent or poor
ones). Here, the IVIACLR is the best imputation method
according to all evaluation metrics with small amount of
missing values (< 15%, see Figure [19). However, when more
values are missing both the UCE and CCD indicate that the
structure of the data is lost. This is due to the fact that although
the underlying CLR procedure in the IVIACLR models the
data correctly, the prediction phase fails with large number of
missing values and, therefore, new values are imputed (at least
near) to those hyperplanes with most samples. Nonetheless, the
percentages of misclassified data points are large with all the
methods when there are more than 25% of missing values.

Abalone has 29 strongly overlapping classes. Nevertheless,
we use only two regression functions to model this data
(similar to the number of clusters used in [30]]). Here, the
IVIACLR produces imputations with the smallest errors but
both the mean and MICE preserve the original structure of
the data better (see Figure 20). These results match with those
of artificial data set D500 with no structure.

VI. CONCLUSIONS AND DISCUSSION

A new method IVIACLR (imputation via clusterwise linear
regression) for imputing missing values of incomplete data
was proposed in this paper. The approach is based on clus-
terwise linear regression (CLR), and it simultaneously finds
optimal clusters within the data and their associated regression
functions. CLR provides a good approximation of a data
and accurate predictions for missing values will be obtained
assuming that the data set itself is representative and there are
prototypes among the set of complete objects. In other words,
the idea is to approximate missing values using only those
data points which are somewhat similar to the incomplete
data object. In addition, we introduced a new cluster center
displacement (CCD) metrics that can be used together with
the well-known unsupervised classification error (UCE) to
measure the bias in the imputed values.

The IVIACLR was tested and compared to other impu-
tations methods using the root mean square error (RMSE),
mean absolute error (MAE), and the above mentioned UCE
and CCD. The results confirm that the IVIACLR usually
produces values that lead to smaller errors (RMSE and MAE)
than the well-known imputation method MICE. In addition,
the UCE and CCD indicate that the IVIACLR preserves
well the original structure of the data set with small and
moderate percentages of missing values (<25%). With larger
percentages of missing data MICE usually computes more
accurate imputation in terms of the UCE and CCD, but not
necessary in terms of RMSE and MAE.

In the current version of the IVIACLR we only use linear
regression and consider continuous numeric data. Neverthe-
less, it would be possible to generalize our approach to deal
with different data types (e.g. binary). In addition, although the
IVIACLR is used here as a single imputation method, it could
be used as a multiple imputation (MI) method (comparably
e.g. with MICE). This can be done by taking into account
all the intermediate results obtained during the CLR process,

by considering predictions provided by different regression
functions as multiple imputations, using various prediction
methods, and/or using different initial imputations.

We conclude that the IVIACLR produces the most accurate
imputations in MCAR and MAR data sets with a clear
structure and small or moderate percentages of missing values.
In these cases, it is the most accurate imputation method
tested. Nevertheless, the statistical analysis of the IVIACLR
in imputation of right, left and interval- censored data [63]] is
considered as a future work.
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