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Abstra
tHaarala Marjo, hamasi�mit.jyu.�Bundle Methods for Large-S
ale Nonsmooth OptimizationLi
entiate thesis, 79 pages and 4 Appendi
esUniversity of Jyv�askyl�a, 2002Many pra
ti
al optimization appli
ations involve nonsmooth (that is, notne
essarily di�erentiable) fun
tions of many variables. On the one hand, thedire
t appli
ation of smooth gradient-based methods may lead to a failuredue to the nonsmooth nature of the problem. On the other hand, none ofthe 
urrent nonsmooth optimization methods is very eÆ
ient in large-s
alesettings. In this thesis, we introdu
e a new limited memory variable metri
bundle method for nonsmooth large-s
ale optimization. We also give someen
ouraging results from numeri
al experiments.Keywords: Nonsmooth optimization, large-s
ale optimization, bundlemethods, variable metri
 methods, limited memory methods.
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1 Introdu
tionThe 
lassi
al theory of optimization presumes 
ertain di�erentiability andstrong regularity assumptions (see, e.g., Flet
her (1987)). However, theseassumptions are too demanding for many pra
ti
al appli
ations, sin
e thefun
tions involved are often nonsmooth (that is, not ne
essarily di�eren-tiable). The sour
e of nonsmoothness may be the obje
tive fun
tion itself,its possible interior fun
tion or both. For example, pie
ewise linear tax mod-els in e
onomi
s (see Lemar�e
hal (1989)) and the phase 
hanges of materialin the 
ontinuous 
asting of steel (see, e.g., Miettinen et al. (1998)) typi
ally
ontain various dis
ontinuities and irregularities in the original phenomenon.In optimal 
ontrol problems (see, e.g., M�akel�a and Neittaanm�aki (1992)) thenonsmoothness is usually 
aused by some extra te
hnologi
al 
onstraints. Inaddition, there exist so-
alled sti� problems that are analyti
ally smooth butnumeri
ally nonsmooth. This means that the gradient varies too rabidly and,thus, the problems behave like nonsmooth problems.In this thesis, we 
onsider the un
onstrained minimization of nonsmooth butlo
ally Lips
hitz 
ontinuous obje
tive fun
tions. This means that the ob-je
tive fun
tion is not required to have 
ontinuous derivatives. The dire
tappli
ation of smooth gradient-based methods to nonsmooth problems maylead to a failure in 
onvergen
e, in optimality 
onditions or in gradient ap-proximation (see, e.g., Lemar�e
hal (1989)). On the other hand, the dire
tmethods, for example, Powel's method (see, e.g., Flet
her (1987)) employ-ing no derivative information, are quite unreliable and be
ome ineÆ
ientwhen the size of the problem in
reases. Thus, nonsmooth optimization dealswith a broader 
lass of problems than smooth optimization in the sense thatnonsmooth optimization te
hniques 
an be su

essfully applied to smoothproblems but not vi
e versa (see, e.g., Clarke (1983)).Optimization methods are typi
ally iterative. The basi
 idea of iterativeminimization methods is by starting from a given initial point x1 2 Rn togenerate a sequen
e (xk) � Rn 
onverging to a (lo
al) minimum point x�of the obje
tive fun
tion f , that is xk ! x� whenever k ! 1. The nextiteration point xk+1 is de�ned by the formula xk+1 = xk + tkdk, where dk isa des
ent dire
tion su
h that there exist " > 0 su
h that f(xk + tdk) < f(x)for all t 2 (0; "℄ and tk is the step size su
h that tk � argmint>0 f(x+ tdk).For smooth obje
tive fun
tions a des
ent dire
tion may be generated by ex-ploiting the fa
t that the dire
tion opposite to the gradient is lo
ally thesteepest des
ent dire
tion. Then, the step size 
an be determined by usingline sear
h, whi
h usually employs some eÆ
ient univariate smooth optimiza-tion method or some polynomial interpolation. With smooth fun
tions the1



ne
essary 
ondition for lo
al optimality is that the gradient must be zero atea
h lo
al solution and by 
ontinuity it be
omes small when we are 
lose toan optimal point. This fa
t provides a useful stopping 
riterion for smoothiterative methods.In nonsmooth problems, we have to use so-
alled generalized gradients (orsubgradients) instead of gradients. This allows us to generalize the e�e
-tive smooth gradient-based methods for nonsmooth problems. The methodsfor solving nonsmooth optimization problems 
an be divided into two main
lasses: subgradient methods and bundle methods. Both of these methodsare based on the assumptions that the fun
tions involved are lo
ally Lips
hitz
ontinuous and only the value of the fun
tion and its arbitrary subgradientat ea
h point are available. The basi
 idea behind the subgradient methodsis to generalize smooth methods by repla
ing the gradient by an arbitrarysubgradient. Due to this simple stru
ture, they are widely used methods innonsmooth optimization. However, there exist some serious drawba
ks inthese methods. Firstly, a nondes
ent sear
h dire
tion may o

ur, be
ausethe dire
tion opposite to an arbitrary subgradient need not be a des
entone. Thus, the standard line sear
h operation 
an not be applied for stepsize sele
tion. Se
ondly, due to the fa
t that an arbitrary subgradient doesnot ne
essarily be
ome small in the neighborhood of an optimal point, thereexists no an implementable stopping 
riterion. For more information of thesubgradient methods we refer to Shor (1985).At the moment, bundle methods are regarded as the most e�e
tive andreliable methods for nonsmooth optimization (see, e.g., M�akel�a and Neit-taanm�aki (1992)). They are based on the subdi�erential theory developedby Ro
kafellar (1970) and Clarke (1983), where the 
lassi
al di�erential the-ory is generalized for 
onvex and lo
ally Lips
hitz 
ontinuous fun
tions, re-spe
tively.The basi
 idea of bundle methods is to approximate the subdi�erential (thatis, the set of subgradients) of the obje
tive fun
tion by gathering the subgra-dients from previous iterations into a bundle. The history of bundle methodswas initiated with the "-steepest des
ent method introdu
ed in Lemar�e
hal(1976). The idea of this method is to 
ombine the 
utting plane method(see Kelley (1960)) with the 
onjugate subgradient method (see Lemar�e
hal(1975)). The main diÆ
ulty of this method is the sele
tion of the approxi-mation toleran
e that 
ontrols the radius of the ball where the the 
uttingplane model is thought to be a good approximation to the obje
tive fun
tion.To avoid this diÆ
ulty the idea of the generalized 
utting plane method wasintrodu
ed in Lemar�e
hal (1978) and the ideas of this method were furtherdeveloped in the book of Kiwiel (1985). The basi
 idea of the generalized2




utting plane method is to form a 
onvex pie
ewise linear approximationto the obje
tive fun
tion by using linearizations generated by the subgradi-ents. In his book, Kiwiel also presented two strategies to bound the numberof stored subgradients, namely the subgradient sele
tion and the subgra-dient aggregation. In spite of the di�erent ba
kgrounds of these methodsboth Lemar�e
hal's "-steepest des
ent and Kiwiel's generalized 
utting planemethods generate the sear
h dire
tion by solving quadrati
 dire
tion �ndingproblems that are 
losely related. Although the generalized 
utting planemethod avoids the diÆ
ulties of the "-steepest des
ent method, there exits agreat disadvantage also in this method: It has been found to be very sensi-tive to the s
aling of the obje
tive fun
tion (that is, multipli
ation of f by apositive 
onstant) (see M�akel�a (1998)).The next improvement of bundle methods was the development of the prox-imal bundle method by Kiwiel (1990) and the bundle trust region methodby S
hramm and Zowe (1992). The proximal bundle method is based on theproximal point algorithm of Ro
kafellar (1976) and the work of Auslender(1987) while the idea of the bundle trust region method is to 
ombine thebundle idea with the 
lassi
al trust region method (see, e.g., Flet
her (1987)).There exist strong similarities between these methods and, in fa
t, they useapproximately the same algorithm that di�ers only in te
hni
al details.Later, various di�erent bundle methods have been proposed. Among themare tilted bundle methods (see Kiwiel (1991)), where the 
utting plane modelis repla
ed by a so-
alled tilted 
utting plane model and the bundle-Newtonmethod (see Luk�san and Vl�
ek (1998)) using se
ond-order information to
onstru
t a quadrati
 model of the obje
tive fun
tion. For thorough overviewof various bundle methods we refer to M�akel�a (2002).In their present form, bundle methods are eÆ
ient for small- and medium-s
ale problems. However, their 
omputational demand expands in large-s
aleproblems with more than 1000 variables. This is explained by the fa
t that tobe 
omputationally eÆ
ient bundle methods need relatively large bundles. Inother words, the size of the bundle has to be approximately the same as thenumber of the variables and, thus, the quadrati
 dire
tion �nding problembe
ome very time-
onsuming. In variable metri
 bundle methods (see Luk�sanand Vl�
ek (1999a), Vl�
ek and Luk�san (1999)) this problem is avoided by usingthe variable metri
 BFGS and SR1 updates to determine the sear
h dire
tion.The aggregation pro
edure is done using only three subgradients and, thus,the size of the bundle does not grow with the dimension of the problem.However, the variable metri
 bundle methods uses dense approximations ofthe Hessian matrix to 
al
ulate the sear
h dire
tion and, thus, also thesemethods be
ome ineÆ
ient when the dimension of the problem in
reases.3



We 
an say that at the moment, the only possibility to optimize nonsmoothlarge-s
ale problems is to use some subgradient methods but, as said before,these methods su�er from some serious disadvantages. This means that thereis an evident need of reliable and eÆ
ient solvers for nonsmooth large-s
aleoptimization problems.In this thesis, we introdu
e a new limited memory variable metri
 bundlemethod for large-s
ale nonsmooth un
onstrained minimization. The methodto be presented is a hybrid of the variable metri
 bundle method (see Luk�sanand Vl�
ek (1999a), Vl�
ek and Luk�san (1999)) and the limited memory vari-able metri
 method (see, e.g., Byrd et al. (1994)), where the latter has beendeveloped for smooth large-s
ale optimization. The new method does nothave to solve any time-
onsuming quadrati
 dire
tion �nding problems ap-pearing in the standard bundle methods and it uses just few ve
tors to rep-resent the variable metri
 approximation of the Hessian matrix and, thus,avoids storing and manipulating large matri
es as is the 
ase in variablemetri
 bundle methods. These improvements make the limited memory vari-able metri
 bundle methods suitable for large-s
ale optimization, sin
e thenumber of operations used for the 
al
ulations of the sear
h dire
tion and theaggregate values is only linearly dependent on the number of variables while,for example, with the original variable metri
 bundle method this dependen
eis quadrati
.Before introdu
ing the new method we present some results from nonsmoothanalysis and give a short des
ription of some basi
 methods for (small-s
ale)nonsmooth optimization. To make the basis of the new method more steady,we also give a des
ription of smooth limited memory variable metri
 methods.In order to get some impression about how the di�erent optimizationmethods(in
luding our new method) operate in pra
ti
e, we have tested them withlarge-s
ale minimization problems. Thus, in addition to the des
riptions ofthe methods we are able to give some details of the performan
e of thesemethods applied to large-s
ale optimization. The numeri
al results to bepresented demonstrate the usability of the new method with both smoothand nonsmooth large-s
ale minimization problems.This thesis is organized as follows: In Chapter 2, we �rst re
all some nota-tions and basi
 results from smooth analysis. Then we generalize di�erential
on
epts for 
onvex and lo
ally Lips
hitz 
ontinuous fun
tions, respe
tively,and present some basi
 results. At the end of the 
hapter, we generalize the
lassi
al optimality 
onditions to nonsmooth 
ase.In Chapter 3, we give a short des
ription of some basi
 methods for (small-s
ale) nonsmooth optimization. Firstly, we 
onsider standard variable metri
4



methods, whi
h were originally developed for smooth un
onstrained opti-mization. By repla
ing the gradient by an arbitrary subgradient these meth-ods 
an be used also for nonsmooth optimization. Se
ondly, we give a surveyof standard bundle methods. Thirdly, we present variable metri
 bundlemethods that are hybrids of variable metri
 and bundle methods. At the endof the 
hapter, we des
ribe the main ideas of the bundle-Newton methodsusing se
ond order information of the obje
tive fun
tion in the form of anapproximative Hessian matrix.In Chapter 4, we review some smooth methods for large-s
ale optimization.First, we give the basi
 idea of the limited memory BFGS method as it ispresented in No
edal (1980). Then we give 
ompa
t matrix representationsof variable metri
 updates and apply these representations to limited memoryvariable metri
 methods.In Chapter 5, we introdu
e the new limited memory variable metri
 bundlemethod for large-s
ale nonsmooth un
onstrained optimization and in Chap-ter 6 we analyze some numeri
al experiments 
on
erning the methods pre-sented in Chapters 3, 4 and 5.Finally, in Chapter 7, we 
on
lude by giving a short summary of the perfor-man
e of the methods des
ribed in Chapters 3 and 4 as well as the promisingresults obtained with the new method introdu
ed in Chapter 5.2 Theoreti
al Ba
kgroundIn this 
hapter, we �rst give some notations and basi
 results from smoothanalysis. Then we generalize di�erential 
on
epts for 
onvex, not ne
essar-ily di�erentiable fun
tions. We de�ne subgradients and subdi�erentials andpresent some basi
 results. After that we generalize the 
onvex di�eren-tial theory to lo
ally Lips
hitz 
ontinuous fun
tions and de�ne so-
alled "-subdi�erentials that approximate the ordinary subdi�erentials. In the thirdpart of this 
hapter, we generalize the 
lassi
al optimality 
onditions: Wegive the ne
essary 
onditions for a lo
ally Lips
hitz 
ontinuous fun
tion toattain its minimum in an un
onstrained 
ase. Moreover, we de�ne some no-tions of linearizations for lo
ally Lips
hitz 
ontinuous fun
tions and presenttheir basi
 properties.The proofs of this 
hapter are omitted sin
e they 
an be found in M�akel�aand Neittaanm�aki (1992).
5



2.1 Notations and De�nitionsAll the ve
tors x are 
onsidered as 
olumn ve
tors and, respe
tively, all thetransposed ve
tors xT are 
onsidered as row ve
tors. We denote by xTy theusual inner produ
t and by kxk the norm in the n-dimensional real Eu
lideanspa
e Rn , that is, kxk = (xTx) 12 =  nXi=1 x2i! 12 ;where x 2 Rn and xi 2 R is the i:th 
omponent of the ve
tor x.An open ball with 
enter x 2 Rn and radius � > 0 is denoted by B(x;�),that is, B(x;�) = fy 2 Rn j ky � xk < � g:A set S � Rn is said to be 
onvex if�x + (1� �)y 2 Swhenever x and y are in S and � 2 [0; 1℄. Geometri
ally this means that the
losed line-segment[x;y℄ = f z 2 Rn j z = �x+ (1� �)y for � 2 [0; 1℄ gis entirely 
ontained in S whenever its endpoints x and y are in S. If S1 andS2 are 
onvex sets in Rn and �1; �2 2 R, then the set �1S1 + �2S2 is also
onvex. If Si � Rn are 
onvex sets for i = 1; : : : ; m, then their interse
tion\mi=1Si is also 
onvex.A linear 
ombination Pki=1 �ixi is 
alled a 
onvex 
ombination of elementsx1; : : : ;xk 2 Rn if ea
h �i � 0 and Pki=1 �i = 1.The interse
tion of all the 
onvex sets 
ontaining a given subset S � Rn is
alled the 
onvex hull of set S and it is denoted by 
onv S. For any S � Rn ,
onv S 
onsists of all the 
onvex 
ombinations of the elements of S, that is,
onv S = fx 2 Rn j x = kXi=1 �ixi; kXi=1 �i = 1; xi 2 S; �i � 0 g:The 
onvex hull of set S is the smallest 
onvex set 
ontaining S and S is
onvex if and only if S = 
onv S. Furthermore, the 
onvex hull of a 
ompa
tset is 
ompa
t. 6



A fun
tion f : Rn ! R is said to be 
onvex iff(�x+ (1� �)y) � �f(x) + (1� �)f(y); (2.1)whenever x and y are in Rn and � 2 [0; 1℄. If stri
t inequality holds in (2.1)for all x;y 2 Rn su
h that x 6= y and � 2 (0; 1), the fun
tion f is said to bestri
tly 
onvex.A fun
tion f : Rn ! R is lo
ally Lips
hitz 
ontinuous with 
onstant L > 0at x 2 Rn if there exists a positive number " su
h thatjf(y)� f(z)j � Lky � zkfor all y; z 2 B(x; "). In what follows, we use a shorter term lo
ally Lips
hitz.A 
onvex fun
tion f : Rn ! R is lo
ally Lips
hitz at x for any x 2 Rn .A fun
tion f : Rn ! R is positively homogeneous iff(�x) = �f(x)for all � � 0 and subadditive iff(x+ y) � f(x) + f(y)for all x and y in Rn . A fun
tion is said to be sublinear if it is both positivelyhomogeneous and subadditive. A sublinear fun
tion is always 
onvex.A fun
tion f : Rn ! R is said to be upper semi
ontinuous at x 2 Rn if forevery sequen
e (xk) 
onverging to x the following holdslim supk!1 f(xk) � f(x)and lower semi
ontinuous iff(x) � lim infk!1 f(xk):A both upper and lower semi
ontinuous fun
tion is 
ontinuous.A fun
tion f : Rn ! R is said to be di�erentiable at x 2 Rn if there exists ave
tor rf(x) 2 Rn and a fun
tion " : Rn ! R su
h that for all d 2 Rnf(x+ d) = f(x) +rf(x)Td + kdk"(d);where the ve
tor rf(x) is the gradient ve
tor of f at x and "(d)! 0 when-ever kdk ! 0. The gradient ve
tor rf(x) has the following formularf(x) = ��f(x)�x1 ; : : : ; �f(x)�xn �T ;7



where 
omponents �f(x)�xi , i = 1; : : : ; n are 
alled partial derivatives of thefun
tion f . If the fun
tion is di�erentiable and all the partial derivativesare 
ontinuous, then the fun
tion is said to be 
ontinuously di�erentiable orsmooth (f 2 C1(Rn)).The limit f 0(x;d) = limt#0 f(x+ td)� f(x)t(if it exists) is 
alled the dire
tional derivative of f at x 2 Rn in the dire
tiond 2 Rn . The fun
tion d 7! f 0(x;d) is positively homogeneous and subad-ditive, in other words, it is sublinear. If a fun
tion f is di�erentiable at x,then the dire
tional derivative exists in every dire
tion d 2 Rn andf 0(x;d) = rf(x)Td:If, in addition, f is 
onvex, then for all y 2 Rnf(y) � f(x) +rf(x)T (y � x):A fun
tion f : Rn ! R is said to be twi
e di�erentiable at x 2 Rn if thereexists a ve
tor rf(x) 2 Rn and a symmetri
 matrix r2f(x) 2 Rn�n and afun
tion " : Rn ! R su
h that for all d 2 Rnf(x+ d) = f(x) +rf(x)Td+ 12dTr2f(x)d+ kdk"(d);where "(d)! 0 whenever kdk ! 0. The matrixr2f(x) is 
alled the Hessianof the fun
tion f at x and it is de�ned to 
onsist of se
ond partial derivativesof f , that is, r2f(x) = 2664 �2f(x)�x21 : : : �2f(x)�x1�xn... . . . ...�2f(x)�xn�x1 : : : �2f(x)�x2n 3775 :If the fun
tion is twi
e di�erentiable and all the se
ond partial derivatives are
ontinuous, then the fun
tion is said to be twi
e 
ontinuously di�erentiable(f 2 C2(Rn)).A matrix A 2 Rn�n is 
alled positive de�nite if A = AT , that is, A issymmetri
 and xTAx > 0for all nonzero x 2 Rn. 8



Let A and B be n� n matri
es. Suppose thatAB = BA = I;where I is the identity matrix. Then B is 
alled an inverse of A and is denotedby A�1. If A has an inverse, then A is said to be invertible or nonsingular.Otherwise, A is said to be singular.A matrix A 2 Rm�n is said to be bounded, if its eigenvalues lie in the 
ompa
tinterval that does not 
ontain zero.From now on we use some spe
ial notations for spe
ial matri
es: the Hessianmatrix of the obje
tive fun
tion is denoted by H, the approximation of theHessian is denoted by B and the approximation of the inverse of the Hessianis denoted by D.2.2 Nonsmooth AnalysisWe �rst de�ne the subgradient and the subdi�erential of a 
onvex fun
tion (seeRo
kafellar (1970)). Then we generalize these results to non
onvex lo
allyLips
hitz 
ontinuous fun
tions.De�nition 2.2.1. The subdi�erential of a 
onvex fun
tion f : Rn ! R atx 2 Rn is the set �
f(x) of ve
tors � 2 Rn su
h that�
f(x) = f � 2 Rn j f(y) � f(x) + �T (y � x) for all y 2 Rn g:Ea
h ve
tor � 2 �
f(x) is 
alled a subgradient of f at x.Theorem 2.2.2. Let f : Rn ! R be a 
onvex fun
tion. Then the dire
tionalderivative exists in any dire
tion d 2 Rn and it satis�esf 0(x;d) = inft>0 f(x+ td)� f(x)t :Next we present the relationship between subdi�erentials and the dire
tionalderivatives. It turns out that it is enough to know either of the 
on
epts; one
an be 
omputed from the other.Theorem 2.2.3. Let f : Rn ! R be a 
onvex fun
tion. Then for all x 2 Rn(i) f 0(x;d) = maxf �Td j � 2 �
f(x) g for all d 2 Rn ,(ii) �
f(x) = f � 2 Rn j f 0(x;d) � �Td for all d 2 Rn g,9



(iii) �
f(x) is a nonempty, 
onvex and 
ompa
t set su
h that �
f(x) �B(0;L), where L > 0 is the Lips
hitz 
onstant of f at x.Sin
e for lo
ally Lips
hitz 
ontinuous fun
tions there need not exist any 
las-si
al dire
tional derivatives, we �rst de�ne a generalized dire
tional derivative(see Clarke (1983)). Then we generalize the subdi�erential to non
onvex lo-
ally Lips
hitz 
ontinuous fun
tions.De�nition 2.2.4. (Clarke). Let a fun
tion f : Rn ! R be lo
ally Lips
hitzat a point x 2 Rn . The generalized dire
tional derivative of f at x in thedire
tion d 2 Rn is de�ned byf Æ(x;d) = lim supy!xt#0 f(y + td)� f(y)t :De�nition 2.2.5. (Clarke). Let a fun
tion f : Rn ! R be lo
ally Lips
hitzat a point x 2 Rn . The subdi�erential of f at x is the set of ve
tors � 2 Rnsu
h that �f(x) = f � 2 Rn j f Æ(x;d) � �Td for all d 2 Rn g:Ea
h ve
tor � 2 �f(x) is 
alled a subgradient of f at x.The subdi�erential has the following basi
 properties.Theorem 2.2.6. Let a fun
tion f : Rn ! R be lo
ally Lips
hitz at x 2 Rnwith 
onstant L. Then(i) f Æ(x;d) = maxf �Td j � 2 �f(x) g for all d 2 Rn ,(ii) �f(x) is a nonempty, 
onvex and 
ompa
t set su
h that �f(x) �B(0;L).The next theorem shows that the subdi�erential for lo
ally Lips
hitz 
ontin-uous fun
tions is a generalization of the subdi�erential for 
onvex fun
tions.Theorem 2.2.7. Let f : Rn ! R be a 
onvex fun
tion. Then(i) f 0(x;d) = f Æ(x;d) for all d 2 Rn and(ii) �
f(x) = �f(x).The next two theorems show that the subdi�erential really is a generalizationof the 
lassi
al derivative. 10



Theorem 2.2.8. Let f : Rn ! R be both lo
ally Lips
hitz and di�erentiableat x 2 Rn . Then rf(x) 2 �f(x):Theorem 2.2.9. If f : Rn ! R is 
ontinuously di�erentiable at x 2 Rn ,then �f(x) = frf(x) g:Theorem 2.2.10. (Radema
her). Let S � Rn be an open set. A fun
tionf : S ! R that is lo
ally Lips
hitz on S is di�erentiable almost everywhereon S.By Radema
her's Theorem we know that a lo
ally Lips
hitz 
ontinuous fun
-tion is di�erentiable almost everywhere and, thus, the gradient exists almosteverywhere. Now, the subdi�erential 
an be re
onstru
ted as a 
onvex hullof all possible limits of gradients at points (xi) 
onverging to x.The set of points in whi
h a given fun
tion f fails to be di�erentiable isdenoted by 
f .Theorem 2.2.11. Let f : Rn ! R be lo
ally Lips
hitz at x 2 Rn . Then�f(x) = 
onvf � 2 Rn j there exists (xi) � Rn n 
f su
h thatxi ! x and rf(xi)! � g:In nonsmooth optimization, so-
alled bundle methods are based on the the-ory of "-subdi�erentials. Next we de�ne the Goldstein "-subdi�erentials fornon
onvex fun
tions.De�nition 2.2.12. Let a fun
tion f : Rn ! R be lo
ally Lips
hitz at x 2 Rnand let " � 0. Then the Goldstein "-subdi�erential of f is the set�G" f(x) = 
onvf �f(y) j y 2 B(x; ") g:Ea
h element � 2 �G" f(x) is 
alled an "-subgradient of the fun
tion f at x.The following theorem summarizes some basi
 properties of the Goldstein"-subdi�erential.Theorem 2.2.13. Let f : Rn ! R be a lo
ally Lips
hitz fun
tion at x 2 Rnwith 
onstant L. Then(i) �G0 f(x) = �f(x), 11



(ii) if "1 � "2, then �G"1f(x) � �G"2f(x), and(iii) �G" f(x) is a nonempty, 
onvex and 
ompa
t set su
h that k�k � Lfor all � 2 �G" f(x).Corollary 2.2.14. Let f : Rn ! R be a lo
ally Lips
hitz fun
tion at x 2 Rn .Then �G" f(x) = 
onvf � 2 Rn j there exists (yi) � Rn n 
f su
h thatyi ! y; rf(yi)! � and y 2 B(x; ") g:2.3 Optimality ConditionsIn this se
tion we present some results 
onne
ting the theory of nonsmoothanalysis and optimization. We �rst de�ne global and lo
al minima of fun
-tions. After that, we generalize the 
lassi
al �rst order optimality 
onditionsfor un
onstrained optimization. At the end of this 
hapter we de�ne some no-tions of linearizations for lo
ally Lips
hitz 
ontinuous fun
tions and presenttheir basi
 properties.We 
onsider a nonsmooth un
onstrained optimization problem of the form(minimize f(x)subje
t to x 2 Rn ; (2.2)where the obje
tive fun
tion f : Rn ! R is lo
ally Lips
hitz 
ontinuous at xfor all x 2 Rn .De�nition 2.3.1. A point x 2 Rn is a global minimum of f , if it satis�esf(x) � f(y) for all y 2 Rn :De�nition 2.3.2. A point x 2 Rn is a lo
al minimum of f , if there exists" > 0 su
h that f(x) � f(y) for all y 2 B(x; "):Theorem 2.3.3. Let f : Rn ! R be a lo
ally Lips
hitz fun
tion at x 2 Rn .If f attains its minimum at x, then0 2 �f(x):De�nition 2.3.4. A point x 2 Rn satisfying 0 2 �f(x) is 
alled a 
riti
alor a stationary point of f . 12



We give now the ne
essary 
onditions for a lo
ally Lips
hitz 
ontinuous fun
-tion to attain its lo
al minimum in an un
onstrained 
ase. For a 
onvexobje
tive fun
tion these 
onditions are also suÆ
ient and the minimum isglobal.Theorem 2.3.5. Let f : Rn ! R be lo
ally Lips
hitz at x 2 Rn . If f attainsits lo
al minimum at x, then(i) 0 2 �f(x),(ii) f Æ(x;d) � 0 for all d 2 Rn .Theorem 2.3.6. If f : Rn ! R is a 
onvex fun
tion, then the following
onditions are equivalent:(i) Fun
tion f attains its global minimum at x.(ii) 0 2 �
f(x).(iii) f 0(x;d) � 0 for all d 2 Rn .Now we present an optimality 
ondition with the help of "-subdi�erentials.Corollary 2.3.7. Let f : Rn ! R be lo
ally Lips
hitz at x 2 Rn . If f attainsits lo
al minimum at x, then 0 2 �G" f(x):Let us next de�ne some notions of linearization for lo
ally Lips
hitz 
ontin-uous fun
tions and present their basi
 properties. With these linearizationswe 
an 
onstru
t a pie
ewise linear lo
al approximation to the un
onstrainedoptimization problem (2.2). This approximation is used in nonsmooth opti-mization methods in the next 
hapter.De�nition 2.3.8. Let the fun
tion f : Rn ! R be lo
ally Lips
hitz at x 2 Rnand let � 2 �f(x) be an arbitrary subgradient. Then the �-linearization of fat x is the fun
tion �f� : Rn ! R de�ned by�f�(y) = f(x) + �T (y� x)for all y 2 Rn and the linearization of f at x is the fun
tion f̂x : Rn ! Rsu
h that f̂x(y) = maxf �f�(y) j � 2 �f(x) g (2.3)for all y 2 Rn . 13



Theorem 2.3.9. Let the fun
tion f : Rn ! R be lo
ally Lips
hitz at x 2 Rn .Then the linearization f̂x is 
onvex and(i) f̂x(x) = f(x),(ii) f̂x(y) = f(x) + f Æ(x;y� x) for all y 2 Rn and(iii) �
f̂x(x) = �f(x).Theorem 2.3.10. Let f : Rn ! R be a 
onvex fun
tion. Then(i) f(y) = maxf f̂x(y) j x 2 Rn g for all y 2 Rn and(ii) f̂x(y) � f(y) for all y 2 Rn .The fundamental diÆ
ulty in iterative optimization methods is to �nd adire
tion su
h that the fun
tion values will de
rease when moving in thisdire
tion. Next we de�ne a des
ent dire
tion for a fun
tion f : Rn ! R.De�nition 2.3.11. The dire
tion d 2 Rn is said to be a des
ent dire
tionfor f : Rn ! R at x 2 Rn , if there exists " > 0 su
h that for all t 2 (0; "℄f(x+ td) < f(x):The next theorem shows how to �nd des
ent dire
tions for a lo
ally Lips
hitz
ontinuous fun
tion.Theorem 2.3.12. Let f : Rn ! R be lo
ally Lips
hitz at x 2 Rn . Thedire
tion d 2 Rn is a des
ent dire
tion for f if any of the following holds:(i) f Æ(x;d) < 0,(ii) �Td < 0 for all � 2 �f(x),(iii) �Td < 0 for all � 2 �G" f(x),(iv) d is a des
ent dire
tion for the linearization f̂x at x.The most promising nonsmooth optimization methods are based on the fol-lowing theorem. It tells how to �nd a des
ent dire
tion for the linearizationfun
tion. By Theorem 2.3.12 this dire
tion is a des
ent dire
tion also for theoriginal fun
tion. 14



Theorem 2.3.13. Let f : Rn ! R be lo
ally Lips
hitz at x 2 Rn and let�� 2 �f(x) exist su
h that �� = argminf k�k j � 2 �f(x) g. Consider theproblem (minimize f̂x(x+ d) + 12 kdk2subje
t to d 2 Rn : (2.4)Then(i) The problem (2.4) has a unique solution d� 2 Rn su
h that d� = ���,(ii) f Æ(x;d�) = �kd�k2,(iii) f̂x(x+ �d�) = f̂x(x)� �k��k2 for all � 2 [0; 1℄,(iv) 0 62 �f(x) () d� 6= 0,(v) 0 2 �f(x) () f̂x attains its global minimum at x.Finally, we say a few words about 
onvergen
e. In iterative optimizationmethods we try to generate a sequen
e (xk) 
onverging to a minimum point x�of the obje
tive fun
tion f , that is xk ! x� whenever k !1. If an iterativemethod 
onverges to a (lo
al) minimum x� from any arbitrary starting pointx1, it is said to be globally 
onvergent. If it 
onverges to a (lo
al) minimumin some neighborhood of x�, it is said to be lo
ally 
onvergent.De�nition 2.3.14. (Rate of the 
onvergen
e) An iterative method is said tobe linearly 
onvergent to an optimal solution x�, if there exist � 2 [0; 1) andM � 0 su
h that for all k � Mkxk+1 � x�k � �kxk � x�k:An iterative method is said to be superlinearly 
onvergent to an optimal solu-tion x�, if there exist M � 0 and for some sequen
e (�k) 
onverging to zero,there is kxk+1 � x�k � �kkxk � x�kfor all k �M .
15



3 Basi
 Methods of Nonsmooth Optimiza-tionIn this 
hapter, we give a short des
ription of some basi
 methods for nons-mooth optimization. Firstly, we 
onsider standard variable metri
 methods,whi
h have originally been developed for smooth un
onstrained optimization.By repla
ing the gradient by an arbitrary subgradient these methods 
an beused also for nonsmooth optimization. Se
ondly, we give a survey of standardbundle methods. At the moment, these methods are regarded as the moste�e
tive methods for nonsmooth optimization. Next we present the variablemetri
 bundle methods developed by Luk�san and Vl�
ek (Luk�san and Vl�
ek(1999a), Vl�
ek and Luk�san (1999)). The methods presented are hybrids ofvariable metri
 and bundle methods. Finally we des
ribe the main ideas ofbundle-Newton methods.3.1 Variable Metri
 MethodsStandard variable metri
 methods or quasi-Newton methods have originallybeen developed for smooth un
onstrained optimization (see, e.g., Flet
her(1987)). However, for example Lemar�e
hal (1982) has shown that thesemethods are quite eÆ
ient and robust for nonsmooth problems as well.Let us �rst assume that the obje
tive fun
tion f : Rn ! R is a smoothfun
tion whose gradient rf(x) is available for all x 2 Rn . Variable metri
methods are iterative methods based on Newton's method (see, e.g., Flet
her(1987)). In these methods, the Hessian of the obje
tive fun
tion is approx-imated by symmetri
 positive de�nite matri
es Bk (k 2 N is the iterationnumber). At ea
h iteration, the 
urrent approximation Bk is updated toa new approximation Bk+1 satisfying the so-
alled se
ant or quasi-Newtonequation Bk+1sk = uk; (3.1)where sk = xk+1 � xk, uk = rf(xk+1) � rf(xk) and xk is the 
urrentiteration point, xk+1 is the next iteration point and rf(xk) and rf(xk+1)are the 
orresponding gradients at those points, respe
tively. The idea ofthe se
ant equation (3.1) is that the approximation of the Hessian Bk a
tsas 
lose as possible like the true Hessian of the obje
tive fun
tion. In onedimensional 
ase, this means that the tangent is approximated by a se
ant(see Figure 1). 16
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Figure 1: Solving equation rf(x) = 0.The sear
h dire
tion dk 
an be determined by solving a linear systemBkdk = �rf(xk):Alternatively, instead of matri
esBk we 
an approximate matri
esDk = B�1k .In this 
ase, the sear
h dire
tion dk 
an be 
omputed dire
tly bydk = �Dkrf(xk);where Dk is a symmetri
 positive de�nite approximation of the inverse of theHessian.The next iteration point is given byxk+1 = xk + tkdk;where the step size tk > 0 is 
hosen by some line sear
h algorithm so that itsatis�es the Wolfe 
onditions:f(xk + tkdk)� f(xk) � "LtkdTkrf(xk) (3.2)and dTkrf(xk + tkdk) � "RdTkrf(xk); (3.3)where "L 2 (0; 1=2) and "R 2 ("L; 1) are some �xed line sear
h parameters.These 
onditions guarantee that the step size tk that gives a signi�
ant re-du
tion in f always exist and it 
an be determined in a �nite number of steps(see, e.g., Flet
her (1987)). 17



The approximation Dk of the inverse of the Hessian matrix is updated re
ur-sively by the formulaDk+1 = 
k Dk + �k
k 1bk sksTk � 1akDkukuTkDk+ �kak �akbk sk �Dkuk��akbk sk �Dkuk�T! ; (3.4)where, as before, sk = xk+1�xk, uk = rf(xk+1)�rf(xk) and ak = uTkDkuk,bk = uTk sk and where 
k; �k and �k are some positive parameters (see, e.g.,Luk�san and Spedi
ato (2000)). The formula (3.4) de�nes a three-parameter
lass, the so-
alled Huang-Oren 
lass of variable metri
 updates (see, e.g.,Huang (1970)).If we either assume �k and 
k to be �xed at every iteration or if we set�k = sTk uk2(fk � fk+1 + sTkrfk+1) and (3.5)
k = �kr 
kak ; (3.6)where fk = f(xk), fk+1 = f(xk+1), rfk+1 = rf(xk+1) and 
k = sTkD�1k sk,then the formula (3.4) de�nes a one-parameter 
lass, the so-
alled s
aledBroyden 
lass (the original Broyden 
lass 
orresponds to the values �k =
k = 1) (see, e.g., Luk�san and Spedi
ato (2000)).There exist three 
lassi
al values for parameter �k that are in 
ommon use.By setting �k = 0, we get the s
aled Davidon-Flet
her-Powel (DFP) updateDk+1 = 
k�Dk + �k
k 1bk sksTk � 1akDkukuTkDk� :The original formula was �rst suggested as a part of a method by Davidon(1959) and later it was presented as des
ribed here (with s
aling fa
tors�k = 
k = 1) by Flet
her and Powell (1963).By setting �k = 1 in (3.4), we get the s
aled Broyden-Flet
her-Goldfarb-Shanno (BFGS) updateDk+1 = 
k �Dk + ��k
k + akbk� 1bk sksTk � 1bk �DkuksTk + skuTkDk�� : (3.7)The original formula with s
aling fa
tors �k = 
k = 1 was developed byBroyden (1970), Flet
her (1970), Goldfarb (1970) and Shanno (1970) and18



sin
e that, the BFGS method has been generally 
onsidered to be the moste�e
tive of many variable metri
 methods (see, e.g., Flet
her (1987) andNo
edal (1992)).Finally, by setting �k = (�k=
k)=(�k=
k�ak=bk), we get the s
aled symmetri
rank-one (SR1) updateDk+1 = 
k Dk + ��k
k � akbk��1 1bk ��k
k sk �Dkuk���k
k sk �Dkuk�T! :(3.8)The original formula was �rst dis
overed by Davidon (1959) in his seminalpaper of quasi-Newton methods and it was re-dis
overed by several authorsin the late 1960s.The details of updating matri
es Bk and more information on variable metri
methods for smooth optimization in general 
an be found, for example, inFlet
her (1987), Luk�san and Spedi
ato (2000) and No
edal (1992).Let us next leave the di�erentiability and suppose only that the obje
tivefun
tion is lo
ally Lips
hitz 
ontinuous. By repla
ing the gradient rf(x) byan arbitrary subgradient � the variable metri
 methods des
ribed above 
analso be used for nonsmooth optimization. The values from formulae (3.5)and (3.6) and parameter �k 
omputed by�k = maxf0;p
k=ak � (bk)2=(ak
k)g1� (bk)2=(ak
k) (3.9)have turned out to be suitable in nonsmooth 
ase (Luk�san and Vl�
ek (2001)).However, the formula (3.6) should not be used in all iterations. Controlleds
aling proposed in Luk�san (1990), whi
h 
ombines the value of the for-mula (3.6) with the value 
k = 1 has been shown to be more advantageous(Luk�san and Vl�
ek (2001)).Now we present a variable metri
 algorithm suitable also for nonsmoothoptimization.Algorithm 3.1. (Variable Metri
 Method).Data: Choose a �nal a

ura
y toleran
e " > 0 and positive line sear
hparameters "L 2 (0; 1=2) and "R 2 ("L; 1).Step 0: (Initialization.) Choose a starting point x1 2 Rn and a symmetri
,positive de�nite matrix D1, for example, D1 = I. Compute f1 =f(x1) and �1 2 �f(x1). Set the iteration 
ounter k = 1.19



Step 1: (Dire
tion �nding.) If k�kk � ", then stop. Otherwise, set dk =�Dk�k.Step 2: (Line sear
h.) Determine a step size tk satisfying the Wolfe 
ondi-tions (3.2) and (3.3). Set xk+1 = xk+tkdk. Compute fk+1 = f(xk+1)and �k+1 2 �f(xk+1).If jfk+1 � fkj � " in several 
onse
utive iterations, then terminatethe 
omputation.Step 3: (Update.) Form the updated matrix Dk+1 by (3.4) with parame-ters (3.5), (3.6) and (3.9) and with 
ontrolled s
aling. In
rease k byone and go to Step 1.It 
an be proved under mild assumptions (see, e.g., Byrd et al. (1987)) thatthe variable metri
 method presented in Algorithm 3.1 is globally and su-perlinearly 
onvergent in the smooth 
ase. Although this result 
annot begeneralized for a nonsmooth 
ase, Algorithm 3.1 has been found to be surpris-ingly robust for solving nonsmooth problems (see, e.g., Lemar�e
hal (1982)and Luk�san and Vl�
ek (1999a, 2001)). In a nonsmooth 
ase, Algorithm 3.1usually terminates in Step 2, sin
e sequen
e (k�kk) does not ne
essarily 
on-verge to zero (see Luk�san and Vl�
ek (2001)).3.2 Bundle MethodsSin
e a lo
ally Lips
hitz 
ontinuous fun
tion is di�erentiable almost ev-erywhere by Radema
her's theorem (Theorem 2.2.10), then usually � =frf(x) g. For a nonsmooth obje
tive fun
tion f the gradient rf(x) 
an
hange dis
ontinuously and it may not be small in the neighborhood of theminimum of the fun
tion. For this reason, values f(xk) and �k 2 �f(xk)at a single point xk do not o�er suÆ
ient information of the lo
al behaviorof the fun
tion f . The basi
 idea of bundle methods is to approximate thewhole subdi�erential �f(xk) by gathering together a bundle of subgradients
al
ulated 
lose to the iteration point xk.In this se
tion, we des
ribe a general bundle method that produ
es a sequen
e(xk) 2 Rn that, in the 
onvex 
ase, 
onverges to the global minimum of f(if it exists). In the non
onvex 
ase, sin
e the optimality 
ondition of Theo-rem 2.3.5 is not suÆ
ient without some 
onvexity assumptions, the methodis only guaranteed to �nd a stationary point of the obje
tive fun
tion. Weassume that at ea
h point x 2 Rn we 
an evaluate a value of the obje
tivefun
tion f(x) and an arbitrary subgradient � 2 �f(x).20



3.2.1 Dire
tion FindingIn this subse
tion, we des
ribe how to �nd a sear
h dire
tion dk 2 Rn in theiteration k for a lo
ally Lips
hitz 
ontinuous obje
tive fun
tion. We assumethat in addition to the 
urrent iteration point xk we have some auxiliarypoints yj 2 Rn from previous iterations and subgradients �j 2 �f(yj) forj 2 Jk, where the index set Jk is a nonempty subset of f1; : : : ; kg.In (2.3) we have de�ned the linearization of the obje
tive fun
tion f at x.However, for this representation we need to know the whole subdi�erential�f(x), whi
h is normally unknown. Thus, we have to approximate it some-how. By using the auxiliary points yj 2 Rn and the subgradients �j 2 �f(yj)for j 2 Jk we 
an de�ne a 
onvex pie
ewise linear approximation of the orig-inal obje
tive fun
tion f byf̂k(x) = maxf f(yj) + �Tj (x� yj) j j 2 Jk g; (3.10)whi
h 
an be written in the equivalent formf̂k(x) = maxf f(xk) + �Tj (x� xk)� �kj j j 2 Jk g;where �kj = f(xk)� f(yj)� �Tj (x� yj) for all j 2 Jk (3.11)is a so-
alled linearization error. If the fun
tion f is 
onvex, the lineariza-tion error �kj � 0 for all j 2 Jk and f(x) � f̂k(x) (see, e.g., M�akel�a andNeittaanm�aki (1992)).For non
onvex fun
tions the linearization error (3.11) 
an be negative. Weuse so-
alled subgradient lo
ality measures to generalize the linearization er-rors for non
onvex fun
tions:�kj = maxf j�kj j; 
(skj )! g � 0; (3.12)where j 2 Jk, 
 � 0 (
 = 0 if f is 
onvex), ! � 1 and skj is a so-
alleddistan
e measure su
h thatskj = (kxj � yjk+Pk�1i=j kxi+1 � xik for j = 1; : : : ; k � 1;kxk � yjk for j = k:For 
onvex obje
tive fun
tions the subgradient lo
ality measures and thelinearization errors 
oin
ide (M�akel�a and Neittaanm�aki (1992)).21



The linearization f̂k is not suitable itself for determining a new approximationof the fun
tion f in order to �nd its minimum. The minimum of f̂k may notexist, sin
e the fun
tion f̂k is pie
ewise linear and if it exists, it 
an be too farfrom the minimum of the obje
tive fun
tion f . For this reason, a stabilizingterm 12(x�xk)TGk(x�xk), whi
h keeps the approximation lo
al enough, hasto be added to fun
tion f̂k. Thus we obtain a pie
ewise quadrati
 fun
tionfkQ(x) = 12(x� xk)TGk(x� xk) + f̂k(x);where Gk is a nonsingular and symmetri
 n� n matrix. Some details of the
hoi
e of the matrix Gk are to be presented in Subse
tion 3.2.4.The sear
h dire
tion dk 
an be determined by minimizing the pie
ewisequadrati
 fun
tion fkQ(x). This minimization problem is equivalent (see, e.g.,M�akel�a (2002)) to the quadrati
 subproblem (minimization pro
eeds over dand v) (minimize 12dTGkd+ vsubje
t to ��kj + dT�j � v for all j 2 Jk: (3.13)By duality this is equivalent to �nding Lagrange multipliers �kj for j 2 Jkthat solve the quadrati
 dual problem8>>>>><>>>>>:minimize 12  Pj2Jk �j�j!T G�1k  Pj2Jk �j�j!+ Pj2Jk �j�kjsubje
t to Pj2Jk �j = 1 and�j � 0; for all j 2 Jk: (3.14)
The solution of the problem (3.13) 
an be expressed in the form (see, e.g.,M�akel�a (2002)) dk = �Xj2Jk �kjG�1k �j andvk = �dTkGkdk �Xj2Jk �kj�kj :The dire
tion �nding problem (3.13) seems now to be suitable for generatinga des
ent dire
tion. However, we still have to de
ide how to 
hoose the indexset Jk. As mentioned in the beginning of this subse
tion, the index set must22



be a nonempty subset of f1; : : : ; kg. Thus, the simplest way might be to
hoose dire
tly Jk = f1; : : : ; kg:However, in pra
ti
e this strategy imposes serious problems with storage and
omputations after a large number of iterations. So, in pra
ti
e the size ofthe index set Jk have to be bounded, that is, jJkj � m�, where jJkj is thenumber of the elements in the set Jk. The set Jk is usually determined su
hthat if the iteration number k � m�, then the index set is 
hosen dire
tlyJk = f1; : : : ; kgand if k > m�, then the index set is 
hosen su
h thatJk = Jk�1 [ fkg n fk �m�g:If Jk 6= f1; : : : ; kg, one possibility to guarantee the global 
onvergen
e of thebundle method is to use the following subgradient aggregation strategy (see,e.g., Kiwiel (1985)). We de�ne the aggregate values fka , �ka and ska as follows.At the �rst iteration let x1 2 Rn be a starting point supplied by the user.Then, we initialize the algorithm byy1 = x1;f 1a = f 11 = f(y1);�1a = �1 2 �f(y1);s11 = s1a = 0 andJ1 = f1g:At iteration k + 1 the new aggregate values fk+1a , �k+1a and sk+1a are de�nedby the formulae fk+1a = ~fka + (xk+1 � xk)T ~�ka;�k+1a = ~�ka andsk+1a = ~ska + kxk+1 � xkk;where the values of ~fka , ~�ka and ~ska are obtained by solving the Lagrangemultipliers �kj for j 2 Jk and �ka of the dire
tion �nding problem givenbelow. However, �rst we have to de�ne the aggregate lo
ality measure by�ka = maxf jf(xk)� fka j; 
(ska)! g:23



Now, by using these aggregate values, the sear
h dire
tion dk 
an be deter-mined by minimizing the quadrati
 subproblem (minimization pro
eeds overd and v)8><>:minimize 12dTGkd+ vsubje
t to ��kj + dT�j � v for all j 2 Jk and��ka + dT�ka � v; (3.15)whi
h by duality is equivalent to �nding Lagrange multipliers �kj for j 2 Jkand �ka that solve the problem8>>>>>>>>>>><>>>>>>>>>>>:
minimize 12  Pj2Jk �j�j + �a�ka!T G�1k  Pj2Jk �j�j + �a�ka!+ Pj2Jk �j�kj + �a�kasubje
t to Pj2Jk �j + �a = 1;�j � 0; for all j 2 Jk and�a � 0: (3.16)

Then, the solution of the problem (3.15) 
an be expressed in the form (see,e.g., Luk�san and Vl�
ek (2000a))dk = �G�1k ~�ka andvk = �dTkGkdk � ~�ka ;where ~�ka = Xj2Jk �kj�j + �ka�ka and~�ka = Xj2Jk �kj�kj + �ka�ka :In addition to the values ~�ka and ~�ka , the aggregate values~fka = Xj2Jk �kjfkj + �kafka and~ska = Xj2Jk �kj skj + �kaskaare de�ned by using the Lagrange multipliers �kj � 0 for j 2 Jk and �ka � 0.24



3.2.2 Line Sear
hWhen the dire
tion ve
tor dk has been determined, we need to 
al
ulate anew approximation to the minimum of the obje
tive fun
tion. To guaranteethe global 
onvergen
e of the bundle method it is not possible to simply setxk+1 = xk + dk, but it is ne
essary to use some line sear
h pro
edure whi
hgenerates two points xk+1 = xk + tkLdk andyk+1 = xk + tkRdk;where 0 � tkL � tkR � 1 are step sizes. There exist several di�erent line sear
hpro
edures suitable for bundle methods (see, e.g., Kiwiel (1985)). In thiswork, we des
ribe one of them, sin
e it is suitable also for the variable metri
bundle methods to be des
ribed in the next se
tion.First, we sear
h for a largest number tkL 2 [0; 1℄ su
h that (
ompare with (3.2))tkL > 0 and f(xk+1)� f(xk) � �"LtkLwk; (3.17)where "L 2 (0; 1=2) is a �xed line sear
h parameter and wk > 0 is thepredi
ted des
ent of f at xk (the parameter wk is used also as a stoppingparameter and we give some details of it in next se
tion). If su
h a step sizeexists we take a serious step:tkR = tkL; and xk+1 = yk+1:Otherwise, we take a null step if (
ompare with (3.3))tkR > tkL = 0 and � �k+1 + dTk �k+1 � �"Rwk; (3.18)where "R 2 ("L; 1) is a �xed line sear
h parameter and�k+1 = maxf jf(xk)� f(yk+1) + (yk+1 � xk)T�k+1j; 
kyk+1 � xkk! g:In the 
ase of a null step we setxk+1 = xk and yk+1 = xk + tkRdk:In the 
ase of a serious step there o

urs a signi�
ant de
rease of the obje
tivefun
tion. For this reason, there is no need to dete
t the dis
ontinuities inthe gradient and, thus, we set �k+1 2 �f(xk+1). If we take a null step,25



we do not update the a
tual solution (xk+1 = xk) but information aboutthe obje
tive fun
tion is in
reased. In null steps there exists a dis
ontinuityin the gradient of f . In this 
ase, the last requirement in (3.18) ensuresthat xk and yk+1 lie on the opposite sides of this dis
ontinuity and the newsubgradient �k+1 2 �f(yk+1) will for
e a signi�
ant modi�
ation to the nextdire
tion �nding problem.In the 
onvex 
ase, the line sear
h pro
edure 
an be repla
ed by a simplestep size sele
tion, whi
h is either a

epted (serious step) or not (null step)(see, e.g., M�akel�a (2002)).3.2.3 Stopping CriterionFor smooth fun
tions, a ne
essary 
ondition for a lo
al minimum is that thegradient has to be zero and by 
ontinuity it be
omes small when we are 
loseto an optimal point. This is no longer true when we repla
e the gradient byan arbitrary subgradient. Due to subgradient aggregation we have quite auseful approximation to the gradient, namely the aggregate subgradient ~�ka.However, the dire
t test k~�kak < " for some " > 0 is too un
ertain, if the
urrent pie
ewise linear approximation is too rough. Therefore, we use thestabilizing matrix Gk and the aggregate subgradient lo
ality measure ~�ka toimprove the a

ura
y of the norm of the aggregate subgradient. The ag-gregate subgradient lo
ality measure ~�ka approximates the a

ura
y of the
urrent linearization: If the value of the lo
ality measure is large, then thelinearization is rough and if it is near zero then the linearization is quite a

u-rate and we 
an stop the algorithm if the norm of the aggregate subgradientis small. Thus, the stopping parameter at iteration k is de�ned by (see, e.g.,Luk�san and Vl�
ek (2000a))wk = 12(~�ka)T (Gk)�1~�ka + ~�ka ;and the stopping 
riterion isIf wk < ", for given " > 0, then stop.3.2.4 The Choi
e of Matrix GkThe last open question is how to 
hoose the stabilizing matrix Gk. As men-tioned in Subse
tion 3.2.1, all the matri
esGk are supposed to be nonsingularand symmetri
. In addition, to ensure the global 
onvergen
e of the bundle26



method, we have to assume that all the matri
es Gk are positive de�niteand bounded. Moreover, if the k-th step is a null step, then we assume thathTG�1k+1h � hTG�1k h; for all h 2 Rn . These assumptions are relative strong,but they 
an be weakened for di�erent versions of bundle methods.There exist several versions of bundle methods that di�ers mainly with the
hoi
e of matrix the Gk. For example, in the most frequently used proxi-mal bundle method (see, e.g., Kiwiel (1990) and M�akel�a and Neittaanm�aki(1992)), the matrix Gk is diagonal and of the form Gk = ukI. The restri
-tions given above are satis�ed if weights uk > 0 lie in the 
ompa
t intervalthat does 
ontain zero and uk+1 � uk is valid in the null step. A thoroughoverview of various bundle methods is given in M�akel�a (2002).3.2.5 AlgorithmNow we present a general algorithm for bundle methods. In addition to thealgorithm given below, the line sear
h algorithm (Algorithm 3.3, p. 32) isalso needed.Algorithm 3.2. (Bundle Method).Data: Choose a �nal a

ura
y toleran
e " > 0, positive line sear
h param-eters "L 2 (0; 1=2) and "R 2 ("L; 1), a distan
e measure parameter
 > 0, a lo
ality measure parameter ! � 1 and the maximum numberof stored subgradients m� � 1.Step 0: (Initialization.) Choose a starting point x1 2 Rn and a symmetri
,positive de�nite matrix G1 (for example G1 = I). Sety1 = x1and 
ompute f1 = f(y1) and�1 2 �f(y1):Set s11 = s1a = 0; f 11 = f 1a = f1; �1a = �1and J1 = f1g. Set the iteration 
ounter k = 1.
27



Step 1: (Dire
tion �nding) Determine multipliers �kj ; j 2 Jk and �ka (�ka 6= 0only if Jk 6= f1; : : : ; k g), aggregate values ~�ka; ~�ka ; ~fka ; ~ska, a dire
-tion ve
tor dk and a value vk by solving the quadrati
 optimizationproblem (3.15) (the last 
onstraint is used only if Jk 6= f1; : : : ; k g).Step 2: (Stopping 
riterion) Setwk = 12(~�ka)T (Gk)�1~�ka + ~�ka :If wk � ", then stop.Step 3: (Line sear
h) Determine step sizes tkL 2 [0; 1℄ and tkR 2 [tkL; 1℄ by theline sear
h Algorithm 3.3. Setxk+1 = xk + tkLdk;yk+1 = xk + tkRdkand 
ompute fk+1 = f(yk+1) and�k+1 2 �f(yk+1):Step 4: (Linearization Updating) Cal
ulate the linearization valuesfk+1j = fkj + (xk+1 � xk)T�j; for j 2 Jk;fk+1a = ~fka + (xk+1 � xk)T ~�ka;fk+1k+1 = fk+1 + (xk+1 � yk+1)T�k+1;�k+1a = ~�ka;sk+1j = skj + kxk+1 � xkk; for j 2 Jk;sk+1a = ~ska + kxk+1 � xkk;sk+1k+1 = kyk+1 � xk+1k:Step 5: (Matrix Updating) Determine the matrixGk+1 satisfying the assump-tions dis
ussed in Subse
tion 3.2.4.Step 6: (Updating) If jJkj < m�, then setJk+1 = Jk [ fk + 1g:If jJkj = m�, then setJk+1 = Jk [ fk + 1g n fk + 1�m�g:Set k = k + 1 and go to Step 1.28



Under mild assumptions it 
an be proved that the number of 
onse
utive nullsteps in Algorithm 3.2 is �nite and that every 
luster point in the sequen
e(xk) is a stationary point of the obje
tive fun
tion (see, e.g., Kiwiel (1985)).Note that Algorithm 3.2 requires relatively large bundles (m� � n) to be
omputationally eÆ
ient and, thus, the quadrati
 subproblem (3.15) is time-
onsuming.For further study of bundle methods we refer to Kiwiel (1985), M�akel�a andNeittaanm�aki (1992), Hiriart-Urruty and Lemar�e
hal (1993) and Luk�san andVl�
ek (2000a).3.3 Variable Metri
 Bundle MethodsIn this se
tion, we present variable metri
 bundle methods by Luk�san andVl�
ek (Luk�san and Vl�
ek (1999a), Vl�
ek and Luk�san (1999)). The methodspresented are hybrids of the variable metri
 method (Se
tion 3.1) and thebundle method (Se
tion 3.2). We present methods for both 
onvex andnon
onvex nonsmooth un
onstrained optimization problems. As the bundlemethods the variable metri
 bundle methods produ
e a sequen
e (xk) 2 Rnwhi
h, in the 
onvex 
ase, 
onverges to the global minimum of the obje
tivefun
tion f (if it exists). In the non
onvex 
ase, the method is only guaranteedto �nd a stationary point of the obje
tive fun
tion. We assume that at ea
hpoint x 2 Rn we 
an evaluate a value of the obje
tive fun
tion f(x) and anarbitrary subgradient � 2 �f(x).The basi
 idea of variable metri
 bundle methods for nonsmooth optimizationis to use some properties of bundle methods to improve the robustness andeÆ
ien
y of the variable metri
 method. Furthermore, the time-
onsumingquadrati
 subproblem (3.15) of bundle methods need not to be solved.There are three main di�eren
es between variable metri
 bundle methodsand standard variable metri
 methods. The �rst di�eren
e is the use of nullsteps. This admits obtaining suÆ
ient information of the nonsmooth obje
-tive fun
tion in the 
ases the des
ent 
ondition (3.17) is not satis�ed. Theother di�eren
es are a simple aggregation of subgradients and the appli
ationof lo
ality measures (3.12). These modi�
ations guarantee the 
onvergen
eof the aggregate subgradients to zero and make it possible to evaluate atermination 
riterion.
29



3.3.1 Dire
tion FindingIn this subse
tion, we des
ribe how to �nd a sear
h dire
tion dk by usingthe variable metri
 bundle methods. The basi
 idea in dire
tion �nding isthe same as with standard variable metri
 methods (see Se
tion 3.1) and theapproximations Dk of the inverse of the Hessian matrix are formed by usingthe usual variable metri
 updates.However, due to the use of null steps some modi�
ations have to be made:After we have taken a null step, the approximation Dk of the inverse ofthe Hessian matrix is formed by using the symmetri
-rank-one (SR1) up-date (3.8), sin
e this update formula preserves the boundedness of generatedmatri
es as required for the proof of global 
onvergen
e (see Luk�san andVl�
ek (1999a), Vl�
ek and Luk�san (1999)). In addition, we use an aggregatesubgradient ~�k to 
al
ulate the sear
h dire
tiondk = �Dk ~�k:Be
ause the boundedness of the generated matri
es is not required after aserious step, the more eÆ
ient standard Broyden-Flet
her-Goldfarb-Shanno(BFGS) update (3.7) is used together with the original subgradient �k (notethat after a serious step ~�k = �k 2 �f(xk)). Thus, after a serious step, thesear
h dire
tion dk is de�ned bydk = �Dk�k:3.3.2 Sele
tion of Step SizesIn this subse
tion, we 
onsider how to 
al
ulate a new iteration point xk+1when the sear
h dire
tion dk has been 
al
ulated. Similarly to bundle meth-ods we use a pro
edure that generates two points: a new iteration point xk+1and a new auxiliary point yk+1.In 
onvex 
ase, there is no need to use any two-point line sear
h pro
edureas in standard bundle methods (see Subse
tion 3.2.2). Thus, the determi-nation of the auxiliary points yk di�ers from both standard bundle methodsand variable metri
 bundle methods for non
onvex but lo
ally Lips
hitz 
on-tinuous fun
tions. In a 
onvex 
ase, the auxiliary points yk are determinedby y1 = x1;yk+1 = xk + tkdk; for all k � 1;30



where tk 2 [tmin; tmax℄ is an appropriately 
hosen step size (for details, seeLuk�san and Vl�
ek (1999a)) and tmax > 1 and tmin 2 (0; 1) are the upper andlower bound for the step size tk. An essential 
ondition for a serious step tobe taken is to have (
ompare with (3.17))f(yk+1) � f(xk)� "Ltkwk; (3.19)where "L 2 (0; 1=2) is a �xed line sear
h parameter and wk > 0 represents thedesirable amount of des
ent. The parameter wk is also used as a stoppingparameter (see, e.g., Vl�
ek and Luk�san (1999)). If the required 
ondition(3.19) is satis�ed, then xk+1 = yk+1and a serious step is taken. Otherwise, a null step is taken, that is, xk+1 = xkbut information about the obje
tive fun
tion is in
reased.In a non
onvex 
ase, the auxiliary points yk are determined quite similarlyto standard bundle methods (see Subse
tion 3.2.2), that isy1 = x1;xk+1 = xk + tkLdk; for all k � 1;yk+1 = xk + tkRdk; for all k � 1;where tkR 2 (0; tkI ℄, tkL 2 [0; tkR℄ are appropriately 
hosen step sizes, tkI 2[tmin; tmax) is an initial step size and tmax > 1 and tmin 2 (0; 1) are the upperand lower bound for the initial step size tkI , respe
tively. The possibility ofusing step sizes greater than 1 is useful here, be
ause the information aboutthe obje
tive fun
tion f , in
luded in matrix Dk, is not suÆ
ient for a properstep size determination in the nonsmooth 
ase. Even if the sele
tion of theinitial step sizes tkI is not needed for proving the global 
onvergen
e, theeÆ
ien
y of the algorithm is very sensitive to how it is realized. A detaileddes
ription of the 
hoi
e of the initial step size 
an be found in Vl�
ek andLuk�san (1999).An essential 
ondition for a serious step to be taken in the 
ase of a non
onvexobje
tive fun
tion is similar to that of bundle methods (see (3.17)). That is,tkR = tkL > 0 and f(xk+1)� f(xk) � �"LtkLwk; (3.20)where, as in the 
onvex 
ase, "L 2 (0; 1=2) is a �xed line sear
h parameter andwk > 0 represents the desirable amount of des
ent. If the required 
ondition(3.20) is satis�ed, then xk+1 = yk+131



and a serious step is taken. Also a 
ondition for a null step to be taken issimilar to that of bundle methods (see (3.18)). Thus, a null step is taken, iftkR > tkL = 0 and � �k+1 + dTk �k+1 � �"Rwk; (3.21)where "R 2 ("L; 1) is a �xed line sear
h parameter and �k+1 is the lo
alitymeasure similar to bundle methods (see (3.12)). In the 
ase of a null stepxk+1 = xkbut information about the obje
tive fun
tion is in
reased.Next we present a line sear
h algorithm, whi
h is used to determine theultimate step sizes tkL and tkR in variable metri
 bundle methods for non
onvexlo
ally Lips
hitz fun
tions (see Vl�
ek and Luk�san (1999)). The algorithmgiven below 
an also be used with standard bundle methods.Suppose that we have positive line sear
h parameters "L 2 (0; 1=2) and"R 2 ("L; 1), a distan
e measure parameter 
 � 0 (
 = 0 if f is 
onvex),a lo
ality measure parameter ! � 1 and the desirable amount of des
ent wk.In addition, we have a lower bound for serious steps tmin 2 (0; 1) and theinitial step size tkI . Note that in bundle methods the initial step size tkI is�xed to 1.Algorithm 3.3. (Line Sear
h).Step 0: (Initialization.) Set tA = 0 and t = tU = tkI . Choose � 2 (0; 1=2),"A 2 (0; "R � "L) and "T 2 ("L; "R � "A).Step 1: (New values.) Compute f(xk + tdk), � 2 �f(xk + tdk) and� = max f jf(xk)� f(xk + tdk) + tdTk �)j; 
 (tkdkk)! g:If f(xk+tdk) � f(xk)�"T twk, then set tA = t. Otherwise set tU = t.Step 2: (Serious Step.) If f(xk + tdk) � f(xk)� "Ltwkand either t � tmin or � > "Awk;then set tkR = tkL = t and terminate the 
omputation.Step 3: (Null Step.) If �� + dTk � � �"Rwk;then set tkR = t, tkL = 0 and terminate the 
omputation.32



Step 4: (Interpolation.) Chooset 2 [tA + �(tU � tA); tU � �(tU � tA)℄by using some interpolation pro
edure and go to Step 1.It 
an be proved under some semi-smoothness hypothesis (see, e.g., Vl�
ekand Luk�san (1999)) that the Algorithm 3.3 terminates in a �nite number ofiterations, �nding step sizes tkL and tkR satisfying f(xk+1)� f(xk) � �"LtkLwkand, in 
ase of tkL = 0 (null step), also (3.21).3.3.3 AggregationIn this subse
tion, we brie
y des
ribe the simple aggregation pro
edure usedwith the variable metri
 bundle methods.The aggregation pro
edure uses three subgradients and two lo
ality mea-sures. We denote by m the lowest index j satisfying xj = xk (index ofthe iteration after the latest serious step). If we have the basi
 subgradient�m 2 �f(xk), the auxiliary subgradient �k+1 2 �f(yk+1) and the 
urrent ag-gregate subgradient ~�k, then the next aggregate subgradient ~�k+1 is de�nedas a 
onvex 
ombination of these three subgradients:~�k+1 = �k1�m + �k2�k+1 + �k3~�k:In addition, if we have the 
urrent lo
ality measure �k+1 and the 
urrentaggregate lo
ality measure ~�k, then the next aggregate lo
ality measure ~�k+1is de�ned as a 
onvex 
ombination of these two lo
ality measures:~�k+1 = �k2�k+1 + �k3 ~�k:The multipliers �ki � 0 for i 2 f1; 2; 3 g, P3i=1 �ki = 1 
an be determined byminimizing a quadrati
 fun
tion ' that depends on the three subgradientsand the two lo
ality measures mentioned above. The quadrati
 fun
tion ' isde�ned by'(�1; �2; �3) = (�1�m + �2�k+1 + �3~�k)TDk(�1�m + �2�k+1 + �3~�k) (3.22)+ 2(�2�k+1 + �3 ~�k):Thus, the quadrati
 subproblem (3.15) appearing in standard bundle meth-ods has been redu
ed to the minimization of the simple fun
tion (3.22). Notethat the aggregate values are 
omputed only if the last step was a null step.Otherwise, we set ~�k+1 = �k+1 2 �f(xk+1) and ~�k+1 = 0.33



3.3.4 AlgorithmNow we present a variable metri
 bundle algorithm. The algorithm is suitablefor minimizing both 
onvex and non
onvex but lo
ally Lip
hitz obje
tivefun
tions. Note that it 
an still be simpli�ed a little for 
onvex fun
tions.Algorithm 3.4. (Variable Metri
 Bundle Method).Data: Sele
t positive line sear
h parameters "L 2 (0; 1=2) and "R 2 ("L; 1).Choose a �nal a

ura
y toleran
e " � 0, a distan
e measure param-eter 
 � 0 (
 = 0 if f is 
onvex) and a lo
ality measure parameter! � 1.Step 0: (Initialization.) Choose the starting point x1 2 Rn and the positivede�nite matrix D1 (e.g., D1 = I). Sety1 = x1 and�1 = 0:Compute f1 = f(x1) and�1 2 �f(x1):Set the iteration 
ounter k = 1.Step 1: (Serious step initialization.) Set the aggregate subgradient ~�k = �kand the aggregate subgradient lo
ality measure ~�k = 0. Set the indexvariable for null steps m = k.Step 2: (Stopping 
riterion.) Setwk = ~�TkDk~�k + 2~�k:If wk � ", then stop.Step 3: (Line sear
h.) Set dk = �Dk~�k:(Note that after a serious step, we have ~�k = �k).34



Determine step sizes tkL and tkR by the line sear
h Algorithm 3.3 totake either a serious step or a null step (depending on whether (3.20)or (3.21) holds). Cal
ulate the 
orresponding valuesxk+1 = xk + tkLdk;yk+1 = xk + tkRdk;fk+1 = f(xk+1);�k+1 2 �f(yk+1):Set uk = �k+1 � �m. If tkL > 0 (serious step), set �k+1 = 0 and go toStep 6. Otherwise, 
al
ulate the lo
ality measure �k+1 (see (3.12)).Step 4: (Aggregation.) Determine multipliers �ki � 0, i 2 f1; 2; 3g,P3i=1 �ki =1 that minimize the fun
tion'(�1; �2; �3) = (�1�m + �2�k+1 + �3~�k)TDk(�1�m + �2�k+1 + �3~�k)+ 2(�2�k+1 + �3 ~�k):Set ~�k+1 = �k1�m + �k2�k+1 + �k3~�k and~�k+1 = �k2�k+1 + �k3 ~�k:Step 5: (SR1 update.) Let vk = Dkuk � tkRdk. If ~�Tk vk < 0, then setDk+1 = Dk � vkvTkuTk vk ;otherwise set Dk+1 = Dk. Set k = k + 1 and go to Step 2.Step 6: (BFGS update.) If uTkdk > 0, then setDk+1 = Dk + �tkL + uTkDkukuTk dk � dkdTkuTk dk � DkukdTk + dkuTkDkuTkdk :Otherwise, set Dk+1 = Dk. Set k = k + 1 and go to Step 1.In a 
onvex 
ase, the line sear
h pro
edure in Step 3 
an be repla
ed by asimple step size sele
tion, whi
h is either a

epted (serious step) or not (nullstep). In the 
ase of a null step, the value �k+1 should be the linearizationerror f(xk)�f(yk+1)+tkdTk �k+1 
orresponding to bundle methods. However,this leads to theoreti
al diÆ
ulties when the step size tk is greater than 135



and, therefore, the linearization error is divided by tk. In a non
onvex 
ase,the lo
ality measure similar to bundle methods (3.12) is used.The 
ondition ~�Tk vk < 0;in Step 5 (or uTk dk > tkRdTkD�1k dk), whi
h implies that uTk vk > 0, ensuresthe positive de�niteness of the matri
es Dk+1 obtained by the SR1 update.Similarly, the 
ondition dTkuk > 0in Step 6 ensures the positive de�niteness of the matri
es Dk+1 obtained bythe BFGS update (dTkuk > 0 holds whenever f is 
onvex). Therefore, all thematri
es generated by Algorithm 3.4 are positive de�nite.Under mild assumptions it 
an be proved that in Algorithm 3.4 every 
lusterpoint in the sequen
e (xk) is a stationary point of the obje
tive fun
tion (seeLuk�san and Vl�
ek (1999a) and Vl�
ek and Luk�san (1999)).As mentioned in Subse
tion 3.3.3, the aggregation pro
edure uses only threesubgradients and two lo
ality measures to 
ompute the new aggregate values.In pra
ti
e, this means that the minimum size of the bundle m� is 2 and alarger bundle is used only for the step size sele
tion, whi
h does not requiretime-
onsuming operations (see Luk�san and Vl�
ek (1999a) and Vl�
ek andLuk�san (1999)).3.4 Bundle-Newton methodsFinally, we des
ribe the main ideas of the se
ond order bundle-Newton meth-ods. The idea of the bundle-Newton method is very similar to that of bundlemethods des
ribed in Se
tion 3.2. For this reason, we only des
ribe the mostessential di�eren
es of these methods. For more details, we refer to Luk�sanand Vl�
ek (1998).We assume that at ea
h point x 2 Rn we 
an evaluate, in addition to thevalue of the fun
tion f(x) and an arbitrary subgradient � 2 �f(x), also ann � n symmetri
 matrix B(x) approximating the Hessian matrix H(x) ofthe obje
tive fun
tion. For example, at the kink point x (that is the pointwhere the fun
tion fails to be (twi
e) di�erentiable) of a pie
ewise twi
edi�erentiable fun
tion, we 
an set B(x) = H(y), where y belongs to anarbitrarily small neighborhood of x.
36



Instead of pie
ewise linear approximation (3.10) of f we use a pie
ewisequadrati
 approximation of the form~fk(x) = maxff(yj) + �Tj (x� yj) + 12%j(x� yj)TBj(x� yj) j j 2 Jk g= maxff(xk) + �Tj (x� xk) + 12%j(x� xk)TBj(x� xk)� �kj j j 2 Jk g;where Bj = B(yj), %j 2 [0; 1℄ is a damping parameter and, as before, yj 2Rn are some auxiliary points from previous iteration, �j 2 �f(yj) are the
orresponding subgradients of those points and Jk is a nonempty subset off1; :::; kg. For all j 2 Jk the linearization error �kj is de�ned as�kj = f(xk)� f(yj)� �Tj (xk � yj)� 12%j(xk � yj)TBj(xk � yj): (3.23)Note that now �kj may be negative even in the 
onvex 
ase. Therefore, the lin-earization error (3.23) is repla
ed by the subgradient lo
ality measure (3.12)with the di�eren
e that now we have 
 > 0 and so we preserve the propertyminx2Rn ~fk(x) � f(xk) (see Luk�san and Vl�
ek (1998)).The sear
h dire
tion dk 
an be determined as a solution of the problem(minimize ~fk(xk + d)su
h that d 2 Rn : (3.24)Sin
e there already exist some se
ond order information in the model, noregularizing quadrati
 term is required like in standard bundle methods (seeSe
tion 3.2). The problem (3.24) is in fa
t a nonlinear min-max problem,whi
h 
an be solved approximately by the Lagrange-Newton method (see,e.g., Flet
her (1987)). Thus, we get a (smooth) quadrati
 optimization prob-lem of �nding the solution (dk; vk) 2 Rn+1 of the problem(minimize 12dTWkd + vsubje
t to ��kj + dT�kj � v for all j 2 Jk; (3.25)where �kj is the subgradient lo
ality measure, �kj = �j + %jBj(xk � yj),Wk = Xj2Jk�1 �k�1j %jBjand �k�1j for j 2 Jk�1 are the Lagrange multipliers of (3.25) from the previousiteration k � 1. Sin
e the method needs a positive de�nite matrix in (3.25),37



the matrixWk is repla
ed by its positive de�nite modi�
ation when ne
essary(see Luk�san and Vl�
ek (1998)).The line sear
h pro
edure of the bundle-Newton method di�ers from thatgiven earlier for standard bundle methods and variable metri
 bundle meth-ods. The line sear
h algorithm used with bundle-Newton method is presentedin Luk�san and Vl�
ek (1998).Under mild assumptions it 
an be proved that in bundle-Newton methodevery 
luster point in the sequen
e (xk) is a stationary point of the obje
tivefun
tion (see Luk�san and Vl�
ek (1998)).4 Smooth Large-S
ale OptimizationMany pra
ti
al appli
ations involve large dimensions. EÆ
ient algorithmsfor small-s
ale problems do not ne
essarily translate into eÆ
ient algorithmsin the large-s
ale setting, sin
e large-s
ale problems often involve sparse ma-tri
es. For example, standard variable metri
 methods are unsuitable forlarge-s
ale problems, sin
e they utilize dense approximations of the Hessianmatri
es. However, for variable metri
 methods, there exist three basi
 ap-proa
hes to optimize smooth large-s
ale problems. The �rst idea 
onsists ofexploiting the stru
ture of partially separable fun
tions. This approa
h wasinitiated in Griewank and Toint (1982). The se
ond approa
h is to preservethe sparsity pattern of the Hessian by spe
ial updates. This approa
h wasproposed in Toint (1977). The third possibility is that of limited memoryupdating, in whi
h only a few ve
tors are used and stored to represent thevariable metri
 approximation of the Hessian matrix. This approa
h was �rstintrodu
ed in No
edal (1980).In this 
hapter, we present limited memory variable metri
 methods. Inmany 
ases, these methods are more useful than the two other approa
hes,sin
e they do not require knowledge of the sparsity stru
ture of the Hessian(sparse variable metri
 updates) and they ignore the stru
ture of the problem(partitioned variable metri
 methods) (see, e.g., No
edal (1997)). We give�rst the basi
 ideas of limited memory methods as they are given in No
edal(1980). Then we present 
ompa
t matrix representations to variable met-ri
 updates and at the end of this 
hapter we apply these 
ompa
t matrixrepresentations to the limited memory methods (see Byrd et al. (1994)). InChapter 5, the same ideas are used to 
onstru
t a new method for nonsmoothlarge-s
ale optimization.In this 
hapter we assume that the obje
tive fun
tion f : Rn ! R is a smoothfun
tion whose gradient rf(x) is available for all x 2 Rn .38



4.1 Limited Memory Variable Metri
 MethodsVarious limited memory methods have been proposed in the literature; someof them 
ombine 
onjugate gradient and quasi-Newton steps (see, e.g., Bu
k-ley and LeNir (1983)), and others are very 
losely related to quasi-Newtonmethods (see, e.g., No
edal (1980) and Liu and No
edal (1989)). The basi
idea of limited memory methods is that the variable metri
 update of theapproximated Hessian is not 
onstru
ted expli
itly. The updates use the in-formation of the last few iterations to de�ne a variable metri
 approximation.In pra
ti
e, this means that the approximations of the Hessian matri
es arenot so a

urate than those of standard variable metri
 methods but both thestorage spa
e required and the number of operations used are signi�
antlysmaller.The most 
ommonly used limited memory method is the limited memoryBFGS method (L-BFGS). This method is very similar to the standard BFGSmethod (see Se
tion 3.1). The only di�eren
e is the matrix update. Instead ofstoring matri
esDk approximating the inverse of the Hessian matrix, we storem
 
orre
tion pairs (sk;uk). Here, m
 is the number of stored 
orre
tionssupplied by the user (usually 3 � m
 � 20), sk = xk+1�xk, uk = rf(xk+1)�rf(xk) and xk is the 
urrent iteration point, xk+1 is the next iteration pointand rf(xk) and rf(xk+1) are the 
orresponding gradients at those points,respe
tively. When the available storage spa
e is used up, the oldest pair(sk�m
;uk�m
) is deleted and a new one is inserted. The stored 
orre
tionpairs are used to de�ne the matri
es Dk impli
itly through the inverse BFGSupdate formula given in the form (see, e.g., Flet
her (1987))Dk+1 = V Tk DkVk + 1bk sksTk ; (4.1)where bk = uTk sk and Vk = I � 1bkuksTk :Suppose now that we have the 
urrent iterate xk and we have stored at mostm
 pairs (si;ui), where i = 1; :::; k� 1, if k � m
, and i = k �m
; : : : ; k� 1,if k > m
. We �rst de�ne the basi
 matrix D(0)k , whi
h is usually a diagonalmatrix of the form D(0)k = #kI (see, e.g., No
edal (1997)), where#k = uTk�1sk�1uTk�1uk�1 :39



Then the basi
 matrix is updated (at most) m
 times by using the BFGSformula (4.1) with the ve
tors si and ui. Thus, for k � m
, the approximationDk of the inverse of the Hessian matrix 
an be written asDk =  k�1Yi=1 Vi!T D(0)k  k�1Yi=1 Vi!+ k�1Xl=1 1bl  k�1Yi=l+1Vi!T slsTl  k�1Yi=l+1Vi! (4.2)and for k > m
, Dk 
an be written asDk =  k�1Yi=k�m
 Vi!T D(0)k  k�1Yi=k�m
 Vi!+ k�1Xl=k�m
 1bl  k�1Yi=l+1Vi!T slsTl  k�1Yi=l+1Vi! : (4.3)If D(0)k is positive de�nite, then all the matri
es de�ned by (4.2) and (4.3)are positive de�nite (provided uTi si > 0 for all i) (see, e.g., No
edal (1980)).We shall now present an algorithm for the limited memory BFGS method.Algorithm 4.1. (L-BFGS Method).Data: Choose a �nal a

ura
y toleran
e " > 0, positive line sear
h param-eters "L 2 (0; 1=2) and "R 2 ("L; 1) and the maximum number ofstored 
orre
tion pairs m
 > 1.Step 0: (Initialization.) Choose the starting point x1 2 Rn and the symmet-ri
, positive de�nite matrix D(0)1 , e.g. D(0)1 = I. Compute f1 = f(x1)and rf1 = rf(x1). Set the iteration 
ounter k = 1.Step 1: (Dire
tion �nding.) If krfkk � ", then stop. Otherwise, 
omputedk = �Dkrfk by Algorithm 4.2.Step 2: (Line sear
h.) Determine step size tk > 0 satisfying the Wolfe 
on-ditions: f(xk + tkdk)� fk � "LtkdTkrfkand dTkrf(xk + tkdk) � "RdTkrfk(try the step size tk = 1 �rst). Set xk+1 = xk + tkdk. Computefk+1 = f(xk+1) and rfk+1 = rf(xk+1).40



Step 3: (Update.) If k > m
, delete the oldest 
orre
tion pair (sk�m
;uk�m
).Compute and store sk = xk+1�xk and uk = rfk+1�rfk. Cal
ulatethe basi
 matrix D(0)k+1 = #k+1I, where#k+1 = uTk skuTkuk :In
rease k by one and go to Step 1.Note that in Step 1 the matri
es Dk are not formed expli
itly but the sear
hdire
tion dk = �Dkrfk is 
al
ulated re
ursively. Suppose now that the
urrent iteration is k and that we have the number of stored 
orre
tionsmk = min f k � 1; m
 g and the mk pairs of di�eren
e ve
tors (si;ui), whi
hwe label for simpli
ity (s1;u1); : : : ; (smk ;umk). In addition, we have an initialpositive de�nite diagonal matrix D(0)k and the 
urrent gradient rfk. We nowpresent an eÆ
ient algorithm for dire
tion �nding by No
edal (1980).Algorithm 4.2. (Dire
tion Finding I).Step 0: Set y = rfk.Step 1: For i = mk to 1 set (ba
kward re
urren
e)�i = sTi yuTi si (store �i) and sety = y � �iui:Step 2: Set r = D(0)k y.Step 3: For i = 1 to mk set (forward re
urren
e)� = uTi ruTi si andr = r+ (�i � �)si:Step 4: Set dk = �r.Note that, if mk = 0, Steps 1 and 3 are not exe
uted and, thus, the sear
hdire
tion at the �rst iteration is dk = �D(0)1 rf1.41



This representation of the BFGS update requires only O(nm
) storage spa
e.Assuming m
 � n this is mu
h less than the O(n2) storage spa
e required forthe standard BFGS implementation. The sear
h dire
tion 
an be 
omputedimpli
itly using at most O(nm
) operations. Also this is mu
h less than theO(n2) operations normally needed to 
ompute �Dkrf(xk) when the wholematrix Dk is stored. This makes the limited memory BFGS method suitablefor large-s
ale problems, sin
e it has been observed in pra
ti
e that smallvalues of m
 (m
 2 [3; 7℄) give satisfa
tory results (see, e.g., Liu and No
edal(1989) and Gilbert and Lemar�e
hal (1989)). Furthermore, the limited mem-ory BFGS method given above has been proved to be globally and linearly
onvergent on 
onvex problems for any starting point (see, Liu and No
edal(1989)).4.2 Compa
t Representation of Matri
esThe re
ursive formula given in the previous se
tion is very eÆ
ient for un-
onstrained optimization. However, if we wish to use updates other thanBFGS or if we need to solve problems with 
onstraints, there are many ad-vantages of the 
ompa
t representation of limited memory matri
es (see, e.g.,Byrd et al. (1994)). When 
onstraints are present, the re
ursive formula ismu
h less e
onomi
al for some of the required 
al
ulations. For example,the re
ursive formula does not take good advantage of the sparsity of the
onstraints. Furthermore, if we want to use the dire
t approximation of theHessian, Bk, instead of the inverse Dk, we have to use the 
ompa
t represen-tation of the matri
es, sin
e there exist no analogous re
ursion for the dire
tapproximation of the Hessian Bk.In this se
tion, we �rst 
onsider the updating pro
ess in a general setting.We show that both the inverse BFGS and the inverse SR1 updates 
an bepresented in a 
ompa
t matrix form. At the end of this se
tion we applythese results to limited memory methods for smooth large-s
ale optimizationand in Chapter 5 the same ideas are used to 
onstru
t a new method fornonsmooth large-s
ale optimization.4.2.1 Compa
t Representation of BFGS and SR1 UpdatesIn this subse
tion, we des
ribe the representations of inverse BFGS and in-verse SR1 updates. We show that both of these updates 
an be represent ina 
ompa
t matrix form. 42



So far, we have dealt with di�eren
e ve
tors si and ui and avoided storingany matri
es. Now we de�ne the n� (k � 1) matri
es Sk and Uk bySk = �s1 : : : sk�1� and (4.4)Uk = �u1 : : : uk�1� ;where, as before, sk = xk+1 � xk and uk = rf(xk+1)�rf(xk).Let Rk be an upper triangular matrix of order k � 1 given in the form(Rk)ij = (sTi uj if i � j0 otherwise, (4.5)and let Ck be a diagonal matrix of order k � 1 su
h thatCk = diag [sT1 u1; : : : ; sTk�1uk�1℄: (4.6)The following theorem gives a 
ompa
t representation of the matrix Dk ob-tained after k � 1 inverse BFGS updates.Theorem 4.2.1. Let the matrix D1 be symmetri
 and positive de�nite. As-sume that the k � 1 pairs (si;ui)k�1i=1 satisfy sTi ui > 0. Let the matrix D1 beupdated k�1 times by using the inverse BFGS update formula (4.1) with thepairs (si;ui)k�1i=1 . Then the resulting matrix Dk is given byDk = D1 + �Sk D1Uk� �(R�1k )T (Ck + UTk D1Uk)R�1k �(R�1k )T�R�1k 0 � � STkUTk D1� ;(4.7)where Sk, Uk, Rk and Ck are de�ned as in (4.4), (4.5) and (4.6).Proof. See Byrd et al. (1994).Note that the 
onditions sTi ui > 0, i = 1; : : : ; k� 1, in Theorem 4.2.1 ensurethat Rk is nonsingular and, thus, (4.7) is well de�ned. This is 
onsistentwith the well-known result that the BFGS update formula preserves positivede�niteness if sTi ui > 0 for all i (see, e.g., Flet
her (1987)).Theorem 4.2.1 gives us a matrix representation of the approximation Dk ofthe inverse of the Hessian matrix. The dire
t approximation Bk 
an also beeasily obtained. For details, see Byrd et al. (1994).Next we prove that also the inverse symmetri
 rank-one (SR1) update 
anbe presented in a matrix form. The inverse SR1 update formula is given byDk+1 = Dk � (Dkuk � sk)(Dkuk � sk)T(Dkuk � sk)Tuk : (4.8)43



Note that this update is well de�ned only if the denominator (Dkuk �sk)Tuk 6= 0. In re
ent implementations of the SR1 method, the updateis simply skipped if the denominator is very small (see, e.g., Fayez Khalfanet al. (1993)). Sin
e the SR1 update does not in general preserve the posi-tive de�niteness of the generated matri
es, there is no reason to enfor
e the
urvature 
ondition sTkuk > 0 as with BFGS update. Thus, we 
onsider thesequen
e of updates to an arbitrary symmetri
 matrix D1 subje
t only to theassumption that the update is well de�ned.The following theorem is modi�ed from the result obtained for the dire
tSR1 approximation of the Hessian in Byrd et al. (1994).Theorem 4.2.2. Let the symmetri
 matrix D1 be updated k � 1 times bymeans of the inverse SR1 update formula (4.8) using the ve
tors (si;ui)k�1i=1 ,and assume that ea
h update is well de�ned, that is (Djuj � sj)Tuj 6= 0 forj = 1; : : : ; k. Then the resulting matrix Dk is given byDk = D1 � (D1Uk � Sk)(UTk D1Uk � Rk � RTk + Ck)�1(D1Uk � Sk)T ; (4.9)where Sk, Uk, Rk and Ck are de�ned as in (4.4), (4.5) and (4.6), and thematrix Mk = (UTk D1Uk � Rk � RTk + Ck) is nonsingular.Proof. We prove this via indu
tion. Suppose k = 2. Then the right handside of (4.9) is D1 � (D1u1 � s1)(D1u1 � s1)T(D1u1 � s1)Tu1 = D2;and so the base 
ase is valid.Now, assume that (4.9) is valid for some k. We de�neQk = �q1 : : : qk�1� = D1Uk � Sk (4.10)and Mk = UTk D1Uk � Rk �RTk + Ck: (4.11)Note that the matrix Mk is symmetri
. We 
an now write the SR1 for-mula (4.9) as Dk = D1 �QkM�1k QTk :Next we show that (4.9) is valid for k + 1.44



The next approximation of the Hessian, Dk+1, 
an be 
al
ulated by applyingthe SR1 update (4.8) to Dk. So, we haveDk+1 = D1 �QkM�1k QTk� �D1uk � sk �QkM�1k QTkuk� �D1uk � sk �QkM�1k QTkuk�T(D1uk � sk)T uk � uTkQkM�1k QTk uk= D1 �QkM�1k QTk � �qk �QkM�1k wk� �qk �QkM�1k wk�TqTkuk �wTkM�1k wk= D1 �QkM�1k QTk � 1Æk �qkqTk � qkwTkM�1k QTk �QkM�1k wkqTk+ QkM�1k wkwTkM�1k QTk �= D1 � 1Æk �qkqTk � qkwTkM�1k QTk �QkM�1k wkqTk+ Qk �ÆkM�1k +M�1k wkwTkM�1k �QTk � ;where we have de�ned wk = QTkuk; (4.12)and where the denominatorÆk = qTkuk �wTkM�1k wk (4.13)= (Dkuk � sk)Tukis non-zero by assumption. We may express this asDk+1 = D1 � 1Æk �Qk qk� �M�1k �ÆkI +wkwTkM�1k � �M�1k wk�wTkM�1k 1 � �QTkqTk � :(4.14)Note that the matrix �Qk qk� = Qk+1.From de�nitions (4.10), (4.11) and (4.12) we see that the new matrix Mk+1is given by Mk+1 = UTk+1D1Uk+1 � Rk+1 � RTk+1 + Ck+1= � Mk UTk D1uk � STk uk(UTk D1uk � STk uk)T uTkD1uk � sTkuk �= �Mk wkwTk qTkuk� : 45



By dire
t multipli
ation, using (4.10), (4.12) and (4.13) we see that�Mk wkwTk qTkuk� �M�1k �ÆkI +wkwTkM�1k � �M�1k wk�wTkM�1k 1 � 1Æk = I: (4.15)Therefore, Mk+1 is invertible with M�1k+1 given in the se
ond matrix in (4.15),but this is the same matrix that appears in (4.14). Thus, we see that (4.14)is equivalent to (4.9) with k repla
ed by k + 1. Hen
e, (4.9) is valid also fork + 1. �4.2.2 Compa
t Representation of Limited Memory Matri
esIn the previous subse
tion we showed that both the inverse BFGS and theinverse SR1 updates 
an be presented in the 
ompa
t matrix forms (4.7) and(4.9), respe
tively. Now, it is straight forward to des
ribe a limited memoryimplementation for these updates. We keep the m
 most re
ent 
orre
tionpairs (si;ui) in order to impli
itly de�ne the approximation of the inverseof the Hessian matrix at ea
h iteration. At every iteration this set of pairsis updated by deleting the oldest pair (sk�m
;uk�m
) and adding a new one(sk;uk). We assume that the maximum number of stored 
orre
tions m
 is
onstant, even if it is possible to adapt all the formulae of this se
tion to the
ase where m
 is varying at every iteration (see, e.g., Kolda et al. (1998)).We de�ne n�mk 
orre
tion matri
es Sk and Uk bySk = �sk�mk : : : sk�1� and (4.16)Uk = �uk�mk : : : uk�1� ;where, as before, sk = xk+1 � xk, uk = rf(xk+1) � rf(xk) and mk =min f k � 1; m
 g is the 
urrent number of stored 
orre
tions.We assume that the basi
 matrix D(0)k is given in the form D(0)k = #kI,for some #k > 0, as is 
ommonly done in pra
ti
e (see, e.g., Gilbert andLemar�e
hal (1989) and Liu and No
edal (1989)). From (4.7) we see that theinverse limited memory BFGS update 
an be expressed asDk = #kI + �Sk #kUk� �(R�1k )T (Ck + #kUTk Uk)R�1k �(R�1k )T�R�1k 0 � � STk#kUTk � ;(4.17)where Rk is the upper triangular matrix of order mk given in the form(Rk)ij = ((sk�mk�1+i)T (uk�mk�1+j) if i � j0 otherwise (4.18)46



and where Ck is the diagonal matrix of order mk su
h thatCk = diag [sTk�mkuk�mk ; : : : ; sTk�1uk�1℄: (4.19)When the new iteration point xk+1 is generated, the new 
orre
tion matri
esSk+1 and Uk+1 are obtained by deleting the oldest 
orre
tions sk�mk anduk�mk from Sk and Uk if mk+1 = mk (that is, k > m
) and by adding themost re
ent 
orre
tions sk and uk to the matri
es.Next we des
ribe some pro
edures for the 
al
ulation of the sear
h dire
tiondk = �Dkrf(xk) when the 
ompa
t matrix representation of limited mem-ory BFGS updates is used. In addition to the two n �m
 matri
es Sk andUk, the m
 � m
 matri
es UTk Uk, Rk and Ck are stored. Sin
e in pra
ti
em
 is 
learly smaller than n, the storage spa
e required by these three auxil-iary matri
es is insigni�
ant but the savings in 
omputation are 
onsiderablewhen 
omparing with the standard BFGS implementation.At the k-th iteration we have to update the limited memory representationof Dk�1 to get Dk and 
al
ulate the sear
h dire
tion dk = �Dkrf(xk). Toupdate Dk�1 we delete a 
olumn from Sk�1 and Uk�1 and add a new 
olumnto ea
h of these matri
es. Then we make the 
orresponding updates toRk�1, UTk�1Uk�1 and Ck�1. These updates 
an be done in O(m2
) operationsby saving a small amount of additional information, namely the m
-ve
torsSTk�1rf(xk�1) and UTk�1rf(xk�1) from the previous iteration. For example,the new triangular matrix Rk is formed from Rk�1 (see (4.18)) by deletingthe �rst row and 
olumn if mk = mk�1 and by adding a new 
olumn as theright 
olumn and a new row as the last row. The new 
olumn is given bySTk uk�1 = STk (rf(xk)�rf(xk�1))and the new row has zero in its �rstmk�1 
omponents. The produ
t STk uk�1
an be 
omputed eÆ
iently sin
e we already know mk � 1 
omponents ofSTkrf(xk�1) from STk�1rf(xk�1). We only need to 
al
ulate sTk�1rf(xk�1)and do the subtra
tions. The produ
t sTk�1rf(xk�1) 
an be 
al
ulated inO(m2
) by using the formula given in Byrd et al. (1994). The matrix UTk Uk
an be updated in a similar way. In this 
ase, both the new 
olumn and thenew row are given by UTk uk�1.Now we give an eÆ
ient algorithm by Byrd et al. (1994) for updating thematrix Dk by limited memory BFGS formula and for 
omputing the sear
hdire
tion dk = �Dkrf(xk).Let the 
urrent iteration point be xk and let the 
urrent number of stored
orre
tions be mk = min f k � 1; m
 g. Suppose that we have the previous47




orre
tions sk�1 and uk�1, the 
urrent gradient rfk = rf(xk), the matri-
es Sk�1, Uk�1, Rk�1, UTk�1Uk�1 and Ck�1 and the ve
tors STk�1rfk�1 andUTk�1rfk�1 from the previous iteration. In addition, suppose that the initialmatrix D(0)k = #kI.Algorithm 4.3. (Dire
tion Finding II).Step 1: Obtain Sk and Uk by updating Sk�1 and Uk�1.Step 2: Compute mk-ve
tors STkrfk and UTk rfk.Step 3: Compute mk-ve
tors STk uk�1 and UTk uk�1 by using the fa
tuk�1 = rfk �rfk�1:Step 4: Update mk �mk matri
es Rk and UTk Uk.Step 5: Update Ck by deleting the �rst element of Ck�1 if mk = mk�1 andadding sTk�1uk�1 = (STk uk�1)mk as the last element (note that Ck isa diagonal matrix and, thus, stored as a ve
tor).Step 6: Compute #k: #k = uTk�1sk�1uTk�1uk�1 :Note that both uTk�1sk�1 and uTk�1uk�1 have already been 
al
ulated.Step 7: Computep = �(R�1k )T (Ck + #kUTk Uk)R�1k (STkrfk)� #k(R�1k )T (UTk rfk)�R�1k (STkrfk) � :Step 8: Compute dk = �Dkrfk = �#krfk � �Sk #kUk�p:Note that in the �rst iteration (k = 1) the sear
h dire
tion is not 
al
ulatedby the Algorithm 4.3 but it is dire
tly de�ned as d1 = �rf(x1).The algorithm given above requires the same amount of work per iteration asthe two loop re
ursion in Algorithm 4.2. Thus, the two algorithms are equallyeÆ
ient for un
onstrained problems. In 
onstrained optimization it is very
ommon to have problems where the gradients of the 
onstraints are sparse.In these 
ases, the 
ompa
t matrix representations are more useful than48



Algorithm 4.2, sin
e Algorithm 4.2 does not take advantage of the sparsityof the ve
tors involved. For further study of 
onstrained optimization withlimited memory variable metri
 methods we refer to Byrd et al. (1994), Byrdet al. (1995) and Lalee et al. (1998).So far, we have only given a representation to a limited memory BFGS up-date. However, limited memory DFP and SR1 updates 
an be expressed inthe 
ompa
t matrix form as well (see, e.g., Byrd et al. (1994), Kolda et al.(1998) and Luk�san and Spedi
ato (2000)). For example, from 4.9 we see thatthe inverse limited memory SR1 update 
an be written asDk = D(0)k � (D(0)k Uk � Sk)(UTk D(0)k Uk � Rk � RTk + Ck)�1(D(0)k Uk � Sk)T ;(4.20)where Sk, Uk, Rk and Ck are de�ned as in (4.16), (4.18) and (4.19). We donot give any algorithms for 
omputing produ
ts involving limited memorySR1 matri
es, be
ause the ideas are very similar to those des
ribed abovewith the limited memory BFGS method.The 
ompa
t representations of limited memory matri
es based on the dire
tapproximations of the Hessian matrix instead of inverses 
an also be easilyobtained. For details see, for example, Byrd et al. (1994).5 Nonsmooth Large-S
ale OptimizationNone of the general nonsmooth methods presented in Chapter 3 is very eÆ-
ient for large-s
ale optimization (see, e.g., M�akel�a et al. (1999), K�arkk�ainenet al. (2001)). This is supported by numeri
al tests 
on
erning bundle meth-ods, variable metri
 bundle methods and the bundle-Newton method to bepresented in Chapter 6. Standard variable metri
 methods and variable met-ri
 bundle methods 
annot be used sin
e they utilize dense approximationsof the Hessian matri
es and bundle methods are not appli
able be
ause theyneed to solve a rather expensive quadrati
 dire
tion �nding (3.15) at ev-ery iteration, whi
h is a time-
onsuming pro
edure. Furthermore, we werenot able to �nd any general solver for large-s
ale nonsmooth optimizationproblems from literature.In this 
hapter, we present a new method for large-s
ale nonsmooth un
on-strained optimization. This method is a hybrid of the variable metri
 bundlemethod (Se
tion 3.3) and the limited memory variable metri
 method (Sub-se
tion 4.2.2). We go through the algorithm step by step and des
ribe bothits theoreti
al properties and some details of the implementation. Note that49



we re
all many formulae and pro
edures given before to make this 
haptermore self-
ontained.The new method will be 
alled the limited memory variable metri
 bundlemethod and its basi
 idea is very simple. We use all the ideas of variablemetri
 bundle methods but the matrix updating is done by using the limitedmemory approa
h. Thus, we have a method that does not have to solve thetime-
onsuming quadrati
 subproblem (3.15) appearing in standard bundlemethods and that uses only few ve
tors to represent the variable metri
approximation of the Hessian matrix. In this way, we avoid storing andmanipulating large n� n matri
es as in variable metri
 bundle methods.As mentioned in the beginning of the Chapter 4, there exist three basi
 ap-proa
h to deal with the variable metri
 approximation of the Hessian matrixin large-s
ale settings. We 
hose this limited memory approa
h sin
e it doesnot need any information of the stru
ture of problem or its Hessian and,thus, the only assumptions required are that the obje
tive fun
tion f is lo-
ally Lips
hitz 
ontinuous and that we 
an evaluate the value of the obje
tivefun
tion f(x) and its arbitrary subgradient � 2 �f(x) at ea
h point x 2 Rn .5.1 Dire
tion Finding and Matrix UpdatingIn this se
tion we des
ribe how to update the approximation Dk of the in-verse of the Hessian matrix and �nd the sear
h dire
tion dk when the limitedmemory variable metri
 bundle method is used. The basi
 idea of dire
tion�nding is the same as with the original variable metri
 bundle methods (seeSubse
tion 3.3.1), that is, dk = �Dk ~�k but the approximations Dk of theinverse of the Hessian matrix are formed by using the 
ompa
t matrix rep-resentation of limited memory updates (see Subse
tion 4.2.2).We use the 
ompa
t representation of limited memory matri
es, sin
e in ad-dition to the BFGS updating formula we need also the SR1 updating formulaand for SR1 updates there exist no re
ursive updating formula analogous tothat given in Algorithm 4.2. Moreover, this approa
h makes the further de-velopment, where the new method is generalized for 
onstrained problems,mu
h easier.First we des
ribe how to update limited memory matri
es. We re
all how topresent the inverse limited memory BFGS and the inverse limited memorySR1 updates in a 
ompa
t matrix form. After that we give some ideas of howthe sear
h dire
tion dk 
an be 
al
ulated by using these di�erent updates.After dis
ussing these 
al
ulations separately, we then link them together.50



As before, we denote by m
 the maximum number of stored 
orre
tions sup-plied by the user (3 � m
 � 20) and by mk = min f k � 1; m
 g the 
urrentnumber of stored 
orre
tions. We keep the m
 most re
ent 
orre
tion pairs(si;ui) to impli
itly de�ne the approximation of the inverse of the Hessianmatrix at ea
h iteration. At every iteration this set of pairs is updated bydeleting the oldest pair (sk�m
;uk�m
), if mk = m
, and adding a new one(sk;uk).The n�mk 
orre
tion matri
es Sk and Uk are de�ned as in Subse
tion 4.2.2,that is, Sk = �sk�mk : : : sk�1� andUk = �uk�mk : : : uk�1�but now the di�eren
e ve
tors sk and uk are given bysk = yk+1 � xk and (5.1)uk = �k+1 � �m;where yk+1 is the 
urrent auxiliary iteration point, xk is the 
urrent iterationpoint and �k+1 and �m are the 
orresponding subgradients of these points(m is the index of the iteration after the latest serious step).As in (4.17), we de�ne the inverse limited memory BFGS update by theformulaDk = #kI + �Sk #kUk� �(R�1k )T (Ck + #kUTk Uk)R�1k �(R�1k )T�R�1k 0 � � STk#kUTk � ;(5.2)where Rk is an upper triangular matrix of order mk given in the form(Rk)ij = ((sk�mk�1+i)T (uk�mk�1+j) if i � j0 otherwise,Ck is a diagonal matrix of order mk su
h thatCk = diag [sTk�mkuk�mk ; : : : ; sTk�1uk�1℄and the multiplier #k > 0 is given by#k = uTk�1sk�1uTk�1uk�1 :51



In addition, the inverse limited memory SR1 update is de�ned as in (4.20).That is,Dk = #kI � (#kUk � Sk)(#kUTk Uk �Rk � RTk + Ck)�1(#kUk � Sk)T ; (5.3)where the matri
es Sk, Uk, Rk and Ck are de�ned as before. In our imple-mentation, we use the value #k = 1 for every k with SR1 update.When the new auxiliary iteration point yk+1 is generated, the new 
orre
tionmatri
es Sk+1 and Uk+1 are obtained by deleting the oldest 
orre
tions sk�mkand uk�mk from Sk and Uk if mk+1 = mk (that is, k > m
) and by addingthe most re
ent 
orre
tions sk and uk to the matri
es.Next, we des
ribe some pro
edures for updating the 
ompa
t representationof limited memory matri
es. In addition to the two n�m
 matri
es Sk andUk, the m
 �m
 matri
es Rk, UTk Uk and Ck are stored. Sin
e in pra
ti
e m
is 
learly smaller than n, the storage spa
e required by these three auxiliarymatri
es is insigni�
ant but the savings in 
omputation e�ort are 
onsider-able. The 
omputations needed to update the matri
es Rk, Uk and Ck arequite similar to those given in Subse
tion 4.2.2.At the k-th iteration we have to update the limited memory representationof Dk�1 to get Dk. Thus, we delete a 
olumn from Sk�1 and Uk�1 and adda new 
olumn to ea
h of these matri
es. Then we make the 
orrespondingupdates to Rk�1, UTk�1Uk�1 and Ck�1. These updates 
an be done in O(m2
)operations by saving the m
-ve
tors STk�1�m and UTk�1�m from the previousiteration. The new triangular matrix Rk is formed from Rk�1 by deleting the�rst row and the �rst 
olumn if mk = mk�1 and by adding a new 
olumn tothe right and a new row to the bottom. The new 
olumn is given bySTk uk�1 = STk (�k � �m)and the new row has zero in its �rst mk � 1 
omponents. The matrix UTk Uk
an be updated in a similar way. In this 
ase, both the new 
olumn andthe new row are given by UTk uk�1. The produ
ts STk uk�1 and UTk uk�1 
anbe 
omputed eÆ
iently sin
e we already know mk � 1 
omponents of STk �mand UTk �m from STk�1�m and UTk�1�m, respe
tively. We only need to 
al
ulatesTk�1�m and uTk�1�m and do the subtra
tions. The diagonal matrix Ck isupdated by deleting the �rst element of Ck�1 and adding sTk�1uk�1 as thelast element (note that Ck is stored as a ve
tor).After we have taken a null step, the approximation Dk of the inverse of theHessian matrix is formed by using the 
ompa
t representation of SR1 update(5.3), sin
e this update formula preserves the boundedness of the generated52



matri
es. In addition, we use an aggregate subgradient ~�k to 
al
ulate thesear
h dire
tion dk = �Dk ~�k:Now we give an eÆ
ient algorithm for updating the limited memory SR1 ma-trix Dk and for 
omputing the sear
h dire
tion dk = �Dk~�k. This algorithmis used whenever the previous step was a null step.Suppose that the number of 
urrent 
orre
tions is mk and that we have the
urrent iteration point xk, the previous 
orre
tions sk�1 and uk�1, the 
urrent(auxiliary) subgradient �k 2 �f(yk), the 
urrent aggregate subgradient ~�k(~�k 6= �k in the 
ase of a null step), the basi
 subgradient �m 2 �f(xk), then�mk matri
es Sk�1 and Uk�1, the mk �mk matri
es Rk�1, UTk�1Uk�1 andCk�1 and the ve
tors STk�1�m and UTk�1�m available.Algorithm 5.1. (SR1 Updating and Dire
tion Finding).Step 1: If �dTk�1uk�1 � ~�Tk�1sk�1 � 0, then set Sk = Sk�1, Uk = Uk�1,Rk = Rk�1, UTk Uk = UTk�1Uk�1 Ck = Ck�1, STk �m = STk�1�m andUTk �m = UTk�1�m and go to Step 6.Step 2: Obtain Sk and Uk by updating Sk�1 and Uk�1.Step 3: Compute mk-ve
tors STk �k and UTk �k.Step 4: Compute mk-ve
tors STk uk�1 and UTk uk�1 by using the fa
tuk�1 = �k � �m:Store mk-ve
tors STk �m and UTk �m.Step 5: Update mk �mk matri
es Rk, UTk Uk and Ck.Step 6: Set #k = 1:0.Step 7: Compute mk-ve
tors STk ~�k and UTk ~�k.Step 8: Computep = (#kUTk Uk �Rk � RTk + Ck)�1(#kUTk ~�k � STk ~�k):Step 9: Compute dk = �#k~�k + (#kUk � Sk)p:53



The 
ondition (see Step 1)�dTi ui � ~�Ti si < 0 for all i (5.4)assures the positive de�niteness of matri
es obtained by the limited memorySR1 update.The assertion above may need some argumentation: Let us denote vi =Diui � si. Thus, the 
ondition (5.4) 
an be equally expressed by~�Ti vi < 0 for all i:Now, the 
ondition (5.4) implies thatdTi ui = �~�Ti vi � ~�Ti si = �~�Ti vi � tiR~�Ti di = �~�Ti vi + tiR~�Ti Di~�i (5.5)> tiR~�Ti Di~�i = tiR~�Ti DiBiDi~�i = tiRdTi Bidi;where Bi = D�1i and tiR > 0 is the step size.For all i > 1 the matrix Bi+1 de�ned by the dire
t SR1 formula is given byBi+1 = Bi + (ui � tiRBidi)(ui � tiRBidi)tiRdTi (ui � tiRBidi) :The matrix Bi+1 is positive de�nite if Bi is positive de�nite and the denom-inator is greater than zero, that is,tiRdTi ui � (tiR)2dTi Bidi > 0:The latter is obviously guaranteed, if the 
ondition (5.5) is valid.The nonsingular matrix Di+1 is positive de�nite, if its inverse Bi+1 is positivede�nite and thus, the 
ondition (5.4) guarantees the positive de�niteness ofmatri
es formed by the limited memory SR1 update.Be
ause the boundedness of generated matri
es is not required after a seriousstep, we use the limited memory BFGS update formula (5.2) to 
omputethe approximation Dk of the inverse of the Hessian matrix and the sear
hdire
tion dk is 
al
ulated by using the original subgradient �k 2 �f(xk).Thus, the sear
h dire
tion is de�ned bydk = �Dk�k:54



Due to fa
t that after a serious step the aggregate subgradient ~�k = �k 2�f(xk) and sk�1 = xk � xk�1 anduk�1 = �k � �k�1;(note that in the 
ase of a serious step this representation of sk�1 and uk�1is not 
on
i
ting with (5.1)) the 
al
ulations used are very similar to thosegiven in Subse
tion 4.2.2. In fa
t, all those 
al
ulations 
an be done by re-pla
ing the gradient rf(x) by an arbitrary subgradient � 2 �f(x). However,rather than updating and inverting the upper triangular matrix Rk at everyiteration, we update and store the inverse of Rk, that is R�1k . The new trian-gular matrix R�1k is formed from R�1k�1 by deleting the �rst row and the �rst
olumn ifmk = mk�1 and by adding a new 
olumn to the right and a new rowto the bottom. Let us denote by (R�1k�1)0 the (mk � 1)� (mk� 1) lower rightsubmatrix of R�1k�1 (that is, the matrix formed by deleting the �rst row andthe �rst 
olumn from R�1k�1) and by (STk uk�1)0 the �rst mk � 1 
omponentsof the ve
tor STk uk�1. In addition, let �k�1 = 1=(sTk�1uk�1). Then the newupdate R�1k is given byR�1k = �(R�1k�1)0 ��k�1(R�1k�1)0(STk uk�1)00 �k�1 � :Now we give an eÆ
ient algorithm for updating the limited memory BFGSmatrix Dk and for 
omputing the sear
h dire
tion dk = �Dk�k. This algo-rithm is used whenever the previous step was a serious step.Suppose that the number of 
urrent 
orre
tions is mk and that we havethe 
urrent iteration point xk, the previous 
orre
tions sk�1 and uk�1, the
urrent subgradient �k (~�k = �k in the 
ase of a serious step), the previoussubgradient �k�1 2 �f(xk�1) the n�mk matri
es Sk�1 and Uk�1, themk�mkmatri
es R�1k�1, UTk�1Uk�1 and Ck�1 and the ve
tors STk�1�k�1 and UTk�1�k�1available. In addition, suppose that we have the previous multiplier #k�1.Algorithm 5.2. (BFGS Updating and Dire
tion Finding).Step 1: If uTk�1sk�1 � 0, then set Sk = Sk�1, Uk = Uk�1, Rk = Rk�1, UTk Uk =UTk�1Uk�1 Ck = Ck�1 and #k = #k�1, 
ompute STk �k and UTk �k andgo to Step 7.Step 2: Obtain Sk and Uk by updating Sk�1 and Uk�1.Step 3: Compute and store mk-ve
tors STk �k and UTk �k.55



Step 4: Compute mk-ve
tors STk uk�1 and UTk uk�1 by using the fa
tuk�1 = �k � �k�1:Step 5: Update mk �mk matri
es R�1k , UTk Uk and Ck.Step 6: If uTk�1uk�1 > 0, 
ompute #k#k = uTk�1sk�1uTk�1uk�1 :Note that both uTk�1sk�1 and uTk�1uk�1 have already been 
al
ulated.Otherwise, set #k = 1:0.Step 7: Compute two intermediate valuesp1 = R�1k STk �k;p2 = (R�1k )T (Ckp1 + #kUTk Ukp1 � #kUTk �k):Step 8: Compute dk = #kUkp1 � Skp2 � #k�k:Note that the 
ondition (see Step 1)uTi si > 0 for all i (5.6)assures the positive de�niteness of matri
es obtained by the limited memoryBFGS update (see e.g. Byrd et al. (1994)).In order to use both the Algorithms 5.1 and 5.2 with the same stored in-formation, some modi�
ations have to be done. Firstly, we have to updateand store both matri
es Rk and R�1k at ea
h iteration regardless of the up-date formula we are using. In addition, sin
e we use the same 
orre
tionmatri
es Sk and Uk for 
al
ulations of both the BFGS and the SR1 updates,we have to test both the positive de�niteness 
onditions (5.4) and (5.6) inea
h 
ase before we update the matri
es. However, the numeri
al experi-ments showed that the dire
t skipping of the updates, if both the required
onditions are not satis�ed, leads to the situation where the BFGS update isusually skipped due to 
ondition (5.4) required for SR1 update. Therefore,we use the most re
ent 
orre
tions sk�1 and uk�1 to 
al
ulate the new sear
hdire
tion dk whenever the required positive de�niteness 
ondition is valid butthe matri
es are not updated if both of the 
onditions (5.4) and (5.6) are notsatis�ed.Both the Algorithms 5.1 and 5.2 uses at most O(nm
) operations to 
al
ulatethe sear
h dire
tion dk. Supposing that m
 � n this is mu
h less than O(n2)operations needed with the original variable metri
 bundle method.56



5.2 Line Sear
hIn this se
tion, we 
onsider how to 
al
ulate a new iteration point xk+1 whenthe sear
h dire
tion dk has been 
al
ulated. Similarly to bundle methodsand variable metri
 bundle methods we use the pro
edure that generates twopoints: a new iteration point xk+1 and a new auxiliary point yk+1.The auxiliary points yk are determined similarly to the variable metri
 bundlemethod for a non
onvex obje
tive fun
tion. That isy1 = x1;xk+1 = xk + tkLdk; for all k � 1;yk+1 = xk + tkRdk; for all k � 1;where tkR 2 (0; tkI ℄, tkL 2 [0; tkR℄ are appropriately 
hosen step sizes, tkI 2[tmin; tmax) is the initial step size and tmax > 1 and tmin 2 (0; 1) are theupper and lower bound for the initial step size tkI . As with the originalvariable metri
 bundle method, we have the possibility of using step sizegreater than 1 here, sin
e the information about the obje
tive fun
tion f ,in
luded in the 
ompa
t representation of matrix Dk, is not suÆ
ient for aproper step size determination in the nonsmooth 
ase. The initial step sizetkI is sele
ted exa
tly the same way as in the original variable metri
 bundlemethod for non
onvex obje
tive fun
tions and a detailed des
ription of thesele
tion of this step size 
an be found in Vl�
ek and Luk�san (1999).As before, an essential 
ondition for a serious step to be taken is to havetkR = tkL > 0 and f(xk+1)� f(xk) � �"LtkLwk; (5.7)where "L 2 (0; 1=2) is a �xed line sear
h parameter and wk > 0 representsthe desirable amount of des
ent. The parameter wk is also used as a stop-ping parameter and we will des
ribe it in Subse
tion 5.4. If the required
ondition (5.7) is satis�ed, thenxk+1 = yk+1and a serious step is taken. A null step is taken, iftkR > tkL = 0 and � �k+1 + dTk �k+1 � �"Rwk; (5.8)where "R 2 ("L; 1) is a �xed line sear
h parameter and �k+1 is the subgradientlo
ality measure similar to bundle methods, that is,�k+1 = maxfjf(xk)� f(yk+1) + (yk+1 � xk)T�k+1)j; 
kyk+1 � xkk! g;(5.9)57



where 
 � 0 (
 = 0 if f is 
onvex) is a distan
e measure parameter and! � 1 is a lo
ality measure parameter supplied by the user.In the 
ase of a null step xk+1 = xkbut information about the obje
tive fun
tion is in
reased.The ultimate step sizes tkL and tkR for the limited memory variable metri
bundle method 
an be determined by using the line sear
h algorithm quitesimilar to Algorithm 3.3. In fa
t, the only di�eren
e to the algorithm givenbefore is that in order to avoid many 
onse
utive null steps, we have addedan additional Step 212 :Step 212 : (A Test For an Additional Interpolation.) If f(xk + tdk) > f(xk)and m < k and ind < 10, then set ind = ind+ 1 and go to Step 4.Here k is the number of the 
urrent iteration, m is the index of the iter-ation after the latest serious step and ind is the number of the additionalinterpolation pro
edures already made at the iteration k.In pra
ti
e, the role of this additional step is that if we have already taken anull step at the previous iteration we rather try to �nd a step size t suitablefor a serious step (that is, (5.7) is valid) even if the 
ondition (5.8) requiredfor a null step was satis�ed.5.3 Subgradient AggregationIn this se
tion, we des
ribe the aggregation pro
edure used with the limitedmemory variable metri
 bundle method.Likewise with the original variable metri
 bundle methods, the aggregatevalues are 
omputed only, if the last step was a null step. Otherwise, we set~�k+1 = �k+1 2 �f(xk+1) and ~�k+1 = 0.In prin
iple, the aggregation pro
edure used with the limited memory vari-able metri
 bundle method is the same as that with the original variablemetri
 bundle methods (see Subse
tion 3.3.3). This means that we minimizethe simple quadrati
 fun
tion'(�1; �2; �3) = (�1�m + �2�k+1 + �3~�k)TDk(�1�m + �2�k+1 + �3~�k) (5.10)+ 2(�2�k+1 + �3 ~�k) 58



to get the Lagrange multipliers �ki � 0 for i 2 f1; 2; 3 g, P3i=1 �ki = 1 thatare used to determine the new aggregate values~�k+1 = �k1�m + �k2�k+1 + �k3~�k and~�k+1 = �k2�k+1 + �k3 ~�k:Here, as before, �m 2 �f(xk) is the basi
 subgradient, �k+1 2 �f(yk+1) is thethe 
urrent auxiliary subgradient, ~�k is the 
urrent aggregate subgradient and�k+1 is the 
urrent lo
ality measure and ~�k is the 
urrent aggregate lo
alitymeasure.However, sin
e the matrix Dk is not formed expli
itly here, the pra
ti
alimplementation of the aggregation pro
edure di�ers from that of the originalmethod.The aggregation pro
edure is 
omputed as follows: We minimize the fun
tion(5.10), or ~'(�1; �2) = '(�1; �2; 1 � �1 � �2). If the interse
tion of straightlines � ~'=��1 = 0 and � ~'=��2 = 0 is not a feasible point (that is the point,where �ki � 0 for i 2 f1; 2; 3 g and P3i=1 �ki = 1), the 
onvexity of ~' impliesthat we 
an restri
t our attention to the lines �1 = 0, �2 = 0 and �1+�2 = 1(�3 = 0) (see, Vl�
ek and Luk�san (1999)). For example, if we have the �rstnull step after any serious step we 
an apply the minimization along the line�1 = 0 due to ~�k = �k = �m and ~�k = 0. Thus, if uTkDkuk > 0, we set�k2 = min�1:0;max�0:0; dTkuk � �k+1uTkDkuk �� :Otherwise, we set �k2 = 0 for dTkuk��k+1 < 0 or �k2 = 1 for dTkuk� �k+1 � 0.Note that we have already 
al
ulated dk, uk and �k+1. The produ
t uTkDkuk
an be 
al
ulated eÆ
iently by using the limited memory BFGS representa-tion of the matrix Dk and the formula given in Byrd et al. (1994). All these
al
ulations 
an be done within O(nm
) operations.In the 
ase of more than one 
onse
utive null steps, the aggregation has tobe done by using the limited memory SR1 update. Due to the fa
t that~�k 6= �m, the 
al
ulations needed to determine the Lagrange multipliers aresomewhat more 
ompli
ated than those given above. However, also in this
ase all the 
al
ulations 
an be done within O(nm
) operations. With a largenumber of variables (n � m
) this is mu
h less that O(n2) operations usedwith the original variable metri
 bundle methods.Similarly to the original variable metri
 bundle methods, the aggregationpro
edure used with the limited memory variable metri
 bundle method uses59



only three subgradients and two lo
ality measures to 
al
ulate the new ag-gregate values. Thus, the minimum size of the bundle is 2 and, as before, alarger bundle is only used in the sele
tion of the step sizes.5.4 Stopping CriterionSimilarly to the other bundle methods (see Subse
tion 3.2.3), we use theaggregate subgradient ~�k to get some approximation of the gradient of theobje
tive fun
tion. As before, the dire
t test k~�kak < " for some " > 0 is tooun
ertain and, therefore, we use the approximation Dk of the inverse of theHessian matrix and the aggregate subgradient lo
ality measure ~�ka to improvethe a

ura
y of the norm of the aggregate subgradient. Sin
e in pra
ti
e, thematrix Dk is not formed expli
itly we use the dire
tion ve
tor dk = �Dk~�kinstead. Thus, the stopping parameter at iteration k is de�ned bywk = �2~�Tkdk + 4~�k (5.11)and the stopping 
riterion isIf wk < ", for given " > 0, then stop.The multipliers 2 and 4 in (5.11) are 
hosen experimentally su
h that thea

ura
y of the new method would be approximately the same as with themethods des
ribed in Chapter 3.5.5 AlgorithmWe are now ready to present the limited memory variable metri
 bundlemethod for nonsmooth large-s
ale un
onstrained optimization.Algorithm 5.3. (L-Variable Metri
 Bundle Method).Data: Sele
t positive line sear
h parameters "L 2 (0; 1=2) and "R 2 ("L; 1).Choose a �nal a

ura
y toleran
e " � 0, a distan
e measure param-eter 
 > 0 (
 = 0 if f is 
onvex) and a lo
ality measure parameter! � 1. Choose the maximum number of stored 
orre
tions m
.Step 0: (Initialization.) Choose a starting point x1 2 Rn . Set �1 = 0 andy1 = x1. Compute f1 = f(x1) and�1 2 �f(x1):Set the iteration 
ounter k = 1.60



Step 1: (Serious step initialization.) Set an aggregate subgradient ~�k = �kand an aggregate subgradient lo
ality measure ~�k = 0. Set an indexvariable for null steps m = k.Step 2: (Dire
tion �nding.) Computedk = �Dk~�kby Algorithm 5.2, if m = k (BFGS update) and by Algorithm 5.1otherwise (SR1 update). Note that d1 = � ~�1.Step 3: (Stopping 
riterion.) Setwk = �2~�Tkdk + 4~�k:If wk � ", then stop.Step 4: (Line sear
h.) Determine step sizes tkL and tkR to obtain either aserious step or a null step (that is, either (5.7) or (5.8) is valid). Setthe 
orresponding valuesxk+1 = xk + tkLdk;yk+1 = xk + tkRdk;fk+1 = f(xk+1);�k+1 2 �f(yk+1):Set uk = �k+1 � �m and sk = yk+1 � xk = tkRdk. If tkL > 0 (seriousstep), set �k+1 = 0, k = k+1 and go to Step 1. Otherwise, 
al
ulatethe lo
ality measure �k+1 by (5.9).Step 5: (Aggregation.) Determine multipliers �ki � 0, i 2 f1; 2; 3g,P3i=1 �ki =1 that minimize the fun
tion'(�1; �2; �3) = (�1�m + �2�k+1 + �3~�k)TDk(�1�m + �2�k+1 + �3~�k)+ 2(�2�k+1 + �3 ~�k);where Dk is obtained by the BFGS update, if m = k and by the SR1update, otherwise. Set~�k+1 = �k1�m + �k2�k+1 + �k3~�k and~�k+1 = �k2�k+1 + �k3 ~�k:Set k = k + 1 and go to Step 2.61



Note that in Steps 2 and 5 the matri
es Dk are not formed expli
itly but thesear
h dire
tion dk and the aggregate values ~�k+1 and ~�k+1 are 
al
ulatedusing the di�eren
e matri
es Sk and Uk (see Se
tions 5.1 and 5.3).As said before, the limited memory variable metri
 bundle method uses thesimple aggregation pro
edure and requires only three subgradients and twolo
ality measures to 
al
ulate the new aggregate values. Thus, the time-
onsuming quadrati
 subproblem (3.15) appearing in standard bundle meth-ods need not to be solved. Furthermore, both the sear
h dire
tion dk andthe aggregate values ~�k+1 and ~�k+1 
an be 
omputed impli
itly using atmost O(nm
) operations. Assuming m
 � n this is mu
h less than O(n2)operations needed with the original variable metri
 bundle method, whi
hstores and manipulates the whole matrix Dk. These improvements make thelimited memory variable metri
 bundle method suitable for large-s
ale prob-lems. This assertion is supported by numeri
al tests to be presented in next
hapter.6 Numeri
al ExperimentsIn order to get some kind of an impression of how the di�erent methodsdes
ribed earlier operate in pra
ti
e, we tested them with several problems.In this 
hapter we �rst introdu
e the software and the test problems usedand then we draw 
on
lusions from numeri
al experiments.6.1 Tested SoftwareIn this se
tion we introdu
e the programs used in our experiments. All themethods in
luded are des
ribed in Chapters 3, 4 and 5. The experimentswere performed in a SGI Origin 2000/128 super
omputer (MIPS R12000,600 M
op/s/pro
essor). The algorithms were implemented in FORTRAN77with double-pre
ision arithmeti
. The pie
es of software tested are presentedin Table 1.Variable Metri
 Bundle Method. The tested variable metri
 bundle algorithmPVAR is from the software pa
kage UFO (Universal Fun
tional Optimization,see Luk�san et al. (2000)). The basi
 ideas of the variable metri
 bundlemethods are des
ribed in Se
tion 3.3. For more details, we refer to Luk�sanand Vl�
ek (1999a) and Vl�
ek and Luk�san (1999).
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Table 1: Tested pie
es of softwareSoftware Author(s) MethodPVAR Luk�san & Vl�
ek Variable metri
 bundlePNEW Luk�san & Vl�
ek Bundle-NewtonPBUN Luk�san & Vl�
ek Proximal bundlePBNCGC M�akel�a Proximal bundleL-BFGS No
edal Limited memory BFGSLVMBM Haarala L-Variable metri
 bundleBundle-Newton Method. The tested bundle-Newton algorithm PNEW is alsofrom the software pa
kage UFO. The program utilizes the subgradient aggre-gation strategy of Kiwiel (1985) to bound the number of stored subgradientsand it employs the solver ULQDF1 implementing the dual proje
ted gradientmethod proposed in Luk�san (1984) for solving the quadrati
 subproblem.The Hessian matri
es were 
al
ulated numeri
ally using di�eren
e approxi-mations. The bundle-Newton method is shortly des
ribed in Se
tion 3.4. Fora more detailed des
ription we refer to Luk�san and Vl�
ek (1998).Proximal Bundle Methods. The �rst tested proximal bundle algorithm PBUNis also from the software pa
kage UFO. The program utilizes as well the sub-gradient aggregation strategy of Kiwiel (1985) and uses the solver ULQDF1 tosolve quadrati
 subproblems. The survey of the bundle methods is given inSe
tion 3.2. For a more detailed des
ription of the proximal bundle algorithmPBUN we refer to Vl�
ek (1995) and Luk�san and Vl�
ek (2000b).The se
ond tested proximal bundle algorithm PBNCGC is from the softwarepa
kage NSOLIB (NonSmooth Optimization LIBrary, see M�akel�a (1993)).Also this program utilizes the subgradient aggregation strategy of Kiwiel(1985). For solving the quadrati
 subproblem, the program employs thequadrati
 solver QPDF4, whi
h is based on the dual a
tive-set method de-s
ribed in Kiwiel (1986). For a detailed des
ription of the method see M�akel�aand Neittaanm�aki (1992).Limited memory BFGS Method. L-BFGS is a limited-memory quasi-Newtonprogram for smooth large-s
ale un
onstrained optimization. The programhas been developed at the Optimization Te
hnology Center as a joint ventureof Argonne National Laboratory and the Northwestern University. The basi
ideas of the smooth limited memory variable metri
 methods are given inSe
tion 4.1 and for a detailed des
ription of the method we refer to No
edal(1980) and Liu and No
edal (1989). 63



Limited Memory Variable Metri
 Bundle Method. The limited memory vari-able metri
 bundle method LVMBM is our new method for nonsmooth large-s
ale un
onstrained optimization. This method is des
ribed in detail in Se
-tion 5. The implementation of the program is our own expe
t the bundleupdating and the step size sele
tions, where we have used the original pie
esby Luk�san and Vl�
ek.In every program the optimization was terminated if any of the following
onditions was satis�ed:� The maximum number of iterations were performed.� The maximum number of fun
tion 
alls were performed.� The problem was solved with the desired a

ura
y, that is, wk �", where wk = 12k~�kak2 + ~�ka with the bundle-Newton and both theproximal bundle methods (PNEW, PBUN and PBNCGC), wk = ~�TkDk~�k+2~�k with the variable metri
 bundle method (PVAR), wk = 2 ~�TkDk~�k+4~�k with the limited memory variable metri
 bundle method (LVMBM)and wk = krf(x)k=maxf1; kxkg with the limited memory BFGSmethod (L-BFGS).In addition, for the UFO programs and for the limited memory variable metri
bundle program LVMBM the optimization was terminated if� jfk+1 � fkj � 1:0 � 10�8 in 10 subsequent iterations,and for solely the UFO programs also if� kxk+1 � xkk � 1:0 � 10�16 in 20 subsequent iterations.6.2 Test ProblemsThe optimization problems used in the numeri
al experiments are listed inTable 2 together with referen
es. All these problems 
an be formulated withany number of variables (n).None of the nonsmooth optimization methods PVAR, PBUN, PNEW and PBNCGChas been developed for large-s
ale optimization. On the other hand, wewanted to get some information of the behavior of the new method LVMBMespe
ially with large-s
ale problems. For this reason, we used the smooth64



Table 2: Test problemsNo Problem Referen
es1 Chained Rosenbro
k fun
tion Luk�san and Vl�
ek (1999b)2 Chained Wood fun
tion Luk�san and Vl�
ek (1999b)3 Chained Powel singular fun
tion Luk�san and Vl�
ek (1999b)4 Chained Cragg and Levy fun
tion Luk�san and Vl�
ek (1999b)5 Generalized Broyden tridiagonal fun
tion Luk�san and Vl�
ek (1999b)6 Generalized Broyden banded fun
tion Luk�san and Vl�
ek (1999b)7 7-dimensional generalization of theBroyden tridiagonal fun
tion Luk�san and Vl�
ek (1999b)8 Sparse modi�
ation of the Nazarethtrigonometri
 fun
tion Luk�san and Vl�
ek (1999b)9 Another trigonometri
 fun
tion Luk�san and Vl�
ek (1999b)10 Toint trigonometri
 fun
tion Luk�san and Vl�
ek (1999b)11 Augmented Lagrangian fun
tion Luk�san and Vl�
ek (1999b)12 Generalization of the Brown fun
tion 1 Luk�san and Vl�
ek (1999b)13 Generalization of the Brown fun
tion 2 Luk�san and Vl�
ek (1999b)14 Dis
rete boundary value problem Luk�san and Vl�
ek (1999b)15 Dis
retization of a variational problem Luk�san and Vl�
ek (1999b)16 Banded trigonometri
 problem Luk�san and Vl�
ek (1999b)17 Variational problem 1 Luk�san and Vl�
ek (1999b)18 Variational problem 2 Luk�san and Vl�
ek (1999b)19 Variational problem 3 Luk�san and Vl�
ek (1999b)20 Variational problem 4 Luk�san and Vl�
ek (1999b)21 Variational problem 5 (Calvar 1) Luk�san and Vl�
ek (1999b)22 Variational problem 6 (Calvar 2) Luk�san and Vl�
ek (1999b)23 Image restoration problem 1 K�arkk�ainen et al. (2000)24 Image restoration problem 2 K�arkk�ainen et al. (2000)25 Nonsmooth 
hained Rosenbro
k fun
tion Grothey (2001)26 n1a
tfs Grothey (2001)optimization method L-BFGS as a ben
hmark. Thus, the programs were�rst tested with a set of smooth minimization problems 1 { 22. A detaileddes
ription of these smooth problems used 
an be found in Luk�san and Vl�
ek(1999b).In addition, the programs for nonsmooth optimization (all the programs inTable 1 ex
ept L-BFGS) were tested with four nonsmooth minimization prob-lems 23 { 26. A detailed des
ription of 
onvex image restoration problems23 and 24 
an be found in K�arkk�ainen et al. (2000) and a des
ription ofnon
onvex problems 25 and 26 
an be found in Grothey (2001).65



6.3 Numeri
al ResultsThe 
on
lusions of the numeri
al experiments are given in the next two se
-tions where the smooth and the nonsmooth tests are dis
ussed separately.6.3.1 Smooth ProblemsThe programs given in Table 1 were tested with the set of smooth problemswith the numbers of variables 10, 100 and 1000 and in 
ase of the limitedmemory programs L-BFGS and LVMBM also with the number of variables 10000.We tested the bundle methods PVAR, PNEW, PBUN, PBNCGC and LVMBM withdi�erent sizes of bundles (m�) and the limited memory methods L-BFGS andLVMBM also with di�erent numbers of stored 
orre
tions (m
). The testedsizes of bundles were 10 and n + 3 for bundle-Newton method PNEW and forboth proximal bundle methods PBUN and PBNCGC and 2 and n+3 for variablemetri
 bundle methods PVAR and LVMBM. For the limited memory methodsL-BFGS and LVMBM the maximum number of stored 
orre
tions were �rst setto 3 and then to 7. In what follows, we denote these di�erent modi�
ations byL-BFGS(3), L-BFGS(7), LVMBM(3) and LVMBM(7), when we need to separatethem.As a stopping 
riterion, we used " = 10�6 in all the 
ases and the maximumnumber of iterations was set to 20000 with n � 1000 and to 50000 withn = 10000. In both 
ases the maximum number of fun
tion evaluations wasset to 50000. The other parameters used were 
hosen experimentally (fordetails see Appendix C). The results are summarized in Tables 3 { 24 ofAppendix A. Some of the results are also displayed in Figures 2 and 3. InFigure 2, we give the CPU time elapsed for the set of smooth problems inproportion to the number of variables for all the programs with the smallbundle. In Figure 3, we have 
al
ulated the average amount of iterationsneeded for problems of di�erent sizes. The problems where the optimizationhas failed are not in
luded in data. Sin
e for almost every tested programthere existed one problem in the set of problems whi
h needed mu
h moreiterations than the others, we also removed in all 
ases the problem whi
hused most iterations.All the tested programs worked well for small- and medium-s
ale problems(n � 100). However, when the dimension of the problems in
reased the
omputational time of the methods other than those using limited memoryapproa
h expanded rapidly (see Figure 2).66
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Figure 2: CPU time elapsed for the set of smooth problems.The smallest number of used iterations was usually with the bundle-Newtonprogram PNEW (see Figure 3). However, due to the matrix operations ea
hindividual iteration was more 
ostly than with the other methods tested. So,the 
omputational time of PNEW was able to 
ompete with the other methodsonly with a small number of variables. Even for the problem dimensionn = 100, the program PNEW was 
learly the most time-
onsuming of theprograms tested (see Figure 2).Even if the program PVAR usually used less iterations and fun
tion 
alls thanthe proximal bundle methods PBUN and PBNCGC, it used less CPU time onlywith the number of variables less or equal to 100 (see Figure 2). The rea-son for this is that also the variable metri
 bundle method PVAR uses time-
onsuming matrix operations (nevertheless not so many as PNEW).Sin
e the approximation of the inverse of the Hessian matrix is not so a

uratewith the limited memory variable metri
 bundle method LVMBM as in theoriginal variable metri
 bundle method PVAR, we were expe
ting that theamount of iterations used with the limited memory program LVMBM wouldhave been greater. Yet, quite surprisingly, the program LVMBM usually used67



less iterations than the program PVAR. This might be due to the fa
t thatthe line sear
h of the program LVMBM does not willingly take 
onse
utivenull steps but rather tries to �nd the step size suitable for a serious step.The 
omputational times of these two methods were equal with the smallnumber of variables (n = 10) but, as said before, when the dimensions of theproblems in
reased the 
omputational time of the program PVAR expandedrapidly. For all tested numbers of variables the new limited memory variablemetri
 bundle method LVMBM with the small bundle was the most eÆ
ientmethod (see Figure 2).With all the tested numbers of variables the program LVMBM(7) (withm� = 2) was about 1.7 times faster than the other limited memory pro-gram L-BFGS(7). Sin
e both the limited memory programs use only O(nm
)operations to 
al
ulate the sear
h dire
tion, their 
omputational times shouldlinearly depend on n (with some �xed m
). However, as it 
an be seen inFigure 2, the 
omputational times of these methods are not exa
tly linear.This is due to the fa
t that with both the methods the number of iterationsused in
reased with the dimension of the problem.For n = 100 the limited memory variable metri
 bundle program LVMBM(7)(with m� = 2) was about 3 times faster than the program PBUN (with m� =10), 13 times faster than the program PBNCGC (with m� = 10), 7 times fasterthan the program PVAR (with m� = 2) and 43 times faster than the programPNEW (with m� = 10), and for n = 1000, the 
orresponding values were 5, 21,253 and 2093, respe
tively.Although the programs PBUN and PBNCGC are realizations of the same method,the di�eren
e in their fun
tioning is remarkable. PBUN was 
learly more eÆ-
ient when 
omparing the iteration numbers, fun
tion evaluations and CPUtimes. However, PBUN had slight diÆ
ulties to rea
h the desired a

ura
y inlarger problems.As it 
an be seen in Figure 3, the number of used iterations and fun
tion 
allsof PNEW did not usually depend on the dimension of the problem. Here the
hained Rosenbro
k fun
tion (problem 1) was an ex
eption (see Tables 4, 11and 18 of Appendix A). On the other hand, when the dimension of theproblem be
ame ten times larger, PBUN needed about 5.2 times, PBNCGC about5.9 times, PVAR about 7.2 times, LVMBM about 4.1 times and L-BFGS about5.0 times more iterations and fun
tion evaluations.With both proximal bundle methods PBNCGC and PBUN the number of itera-tions usually de
reased when the size of the bundle was in
reased. However,with large problems the CPU time grew with the size of the bundle. Thisis due to the quadrati
 programming subproblem (3.15) whi
h be
omes very68
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Figure 3: Average iterations used for the smooth problems.time-
onsuming when the size of the problem and the size of the bundlein
rease. With the program PVAR there was not so large a 
hange in CPUtimes when the size of the bundle was in
reased as with the proximal bundleprograms PBUN and PBNCGC and with the bundle-Newton program PNEW. Infa
t, the CPU time of PVAR was approximately doubled in ea
h 
ase whenthe size of the bundle was in
reased from 2 to n + 3. This due to the fa
tthat the variable metri
 bundle method uses only three subgradients and twolo
ality measures to solve the quadrati
 subproblem (3.22). That means theminimum size of the bundle is 2, and the larger bundle is used only for thestep size sele
tions, whi
h is not a time-
onsuming pro
edure. With the lim-ited memory variable metri
 bundle program LVMBM the number of iterationswas approximately the same regardless of the size of the bundle but the 
om-putational time expanded rapidly when the size of the bundle was in
reased.On 
loser 
onsideration, we noti
ed that the CPU time in
rease of LVMBM wasalways less than that of the original variable metri
 bundle program PVAR.This is due to fa
t that the bundle updating in these programs is exa
tly thesame and the line sear
h in the program LVMBM �nds more serious steps and,thus, the number of iterations used is smaller than with the program PVAR.69



Anyhow, with the program LVMBM the results obtained with the small bundle(m� = 2) were in all 
ases as good as with the larger bundle and, thus, thereis no reason to use a larger bundle.The iterations needed with the program LVMBM were approximately half ofthat needed with the other limited memory program L-BFGS. Both of theprograms worked well with both of tested number of stored 
orre
tions m
 =3 and m
 = 7. However, with the program L-BFGS the number of iterationsused and the CPU time elapsed were always less with the larger number ofstored 
orre
tions. The same e�e
t 
an be seen with the program LVMBM butit is not so evident and the 
omputational times are approximately the samewith both the numbers of stored 
orre
tions.In order to see what kind of an e�e
t the 
hoi
e of parameter values had, thesmooth problems 1 { 22 were also tested with the default parameters of theprograms. For all the UFO programs PVAR, PBUN and PNEW and for both thelimited memory programs LVMBM and L-BFGS there exist some re
ommendedvalues for parameters in the implementation of these programs. In the im-plementation of the proximal bundle method PBNCGC there exists no su
hre
ommended values. Thus, the default parameters for PBNCGC used in ourexperiment were 
hosen on the basis that they had been found to be good inour previous work. In these experiments, the number of variables was set to500 and we tested the problems �rst with the default values of the parame-ters (see Appendix B) and then with the experimentally 
hosen values of theparameters (see Appendix C). The results are 
olle
ted in Tables 25 { 30 ofAppendix A.With the variable metri
 bundle program PVAR there were �ve failures whenthe default parameters were used. This program also had some diÆ
ulties tore
ognize a good solution: Even though there were nine problems that a
-
ording to the termination parameter were solved with the desired a

ura
y,three of these results were 
learly worse than those obtained with the othermethods. Note that when parameters were tuned PVAR su

eeded to solveall the problems properly.With the bundle-Newton program PNEW, 18 problems from 22 were solvedwith the desired a

ura
y when the default parameters were used. Threeof the problems that failed were terminated be
ause the value of x did not
hange and two of these 
ould not be solved with the desired a

ura
y evenwith the sele
ted parameters. In addition, with one problem the optimizationwas terminated be
ause the value of the obje
tive fun
tion did not 
hange.This problem 
ould not be solved with the desired a

ura
y even with the70



sele
ted parameters. Thus, with sele
ted parameters the program PNEW su
-
eeded to solve 19 problems with the desired a

ura
y.The proximal bundle program PBUN was maybe the worst program testedwhen the default parameters were used. First of all, the program jammedwhen trying to solve problem 4. In addition, there were three failures inthe method and also this program had some diÆ
ulties to re
ognize a goodsolution: Even though there were nine problems that a

ording to the termi-nation parameter were solved with the desired a

ura
y, six of these resultswere 
learly worse than those obtained with the other methods. Note thatwith sele
ted parameters the program PBUN su

eeded to solve 20 problemswith the desired a

ura
y. However, also in this 
ase the values of the obje
-tive fun
tions were often slightly greater than those obtained with the othermethods.The proximal bundle program PBNCGC, on the other hand, was the bestmethod to be used with the default parameters. It failed to rea
h the desireda

ura
y only on
e and that was be
ause the maximum number of fun
tion
alls was not big enough. Otherwise, the program PBNCGC solved all theproblems with the desired a

ura
y also with the default parameters. Thenumbers of used iterations and fun
tion 
alls were a little bit smaller whenthe sele
ted parameters were used.The limited memory BFGS program L-BFGS solved 19 problems with the de-sired a

ura
y when the default parameters were used. With three problemsthe program had a failure during the line sear
h. Two of these problems
ould not be solved even with the sele
ted parameters. Thus, with sele
tedparameters the program L-BFGS su

eed to solve 20 problems with the de-sired a

ura
y.The new limited memory variable metri
 bundle program LVMBM was quiterobust in our experiments. It solved 21 problems with the desired a

ura
yboth with the default and the sele
ted parameters. With one problem theprogram failed to rea
h the desired a

ura
y but also in this 
ase the valueof the obje
tive fun
tion was as small as with the other methods. However,the problems used in these experiments were the same that have been usedwhen testing the method in the 
onstru
tion phase and, thus, these resultsshould be 
onsidered 
autiously.To sum up, for smooth problems the proximal bundle program PBNCGC foundthe lo
al minimum in the most reliable way also with the small bundle. It was
learly the most robust program tested. However, with large-s
ale problemsit was not 
omputationally eÆ
ient. 71



The proximal bundle program PBUN was the most eÆ
ient of the pre
edingnonsmooth methods tested when the dimension of the problem was greaterthan 100. However, this method had some diÆ
ulties to rea
h the desireda

ura
y and it was very sensitive to the 
hoi
e of parameters.The variable metri
 bundle program PVAR was the most eÆ
ient methodtested for small problems (together with LVMBM). However, its 
omputationaltime in
reased rapidly with the dimension of the problem. The method wasquite reliable but also this method needed a 
areful 
hoi
e of parameters.The bundle-Newton program PNEW was quite eÆ
ient with small problems.It was also reliable even with the default parameters. In most 
ases it foundthe minimum with the smallest obje
tive fun
tion value. However, 
omputa-tional time of PNEW in
reased drasti
ally with the dimension of the problem.The limited memory BFGS program L-BFGS was an eÆ
ient method bothwith small- and large-s
ale problems. In many 
ases, the minimum with thesmallest obje
tive fun
tion value was found with this method. However, whenthe dimension of the problems in
reased the program had some diÆ
ultieswith the line sear
h and it failed to solve some of the problems.In all the 
ases, the limited memory variable metri
 bundle method LVMBMwith the small bundle was the most eÆ
ient method tested. It found thelo
al minimum in a reliable way and in our experiments it was also veryrobust.6.3.2 Nonsmooth ProblemsThe programs for nonsmooth optimization (all the programs in Table 1 ex
eptL-BFGS) were tested also with four nonsmooth minimization problems 23 {26. The numbers of variables (n) used were 100, 300, 1000, 3000 and 10000for 
onvex problems 23 and 24 and 100 and 300 for non
onvex problems 25and 26.As with smooth problems, we tested the programs with di�erent sizes of bun-dles (m�) and in 
ase of the limited memory variable metri
 bundle methodLVMBM also with di�erent numbers of stored 
orre
tions (m
). For bundle-Newton method PNEW and for both the proximal bundle methods PBUN andPBNCGC the used sizes of bundles were 10, 50 and 100 and for variable metri
bundle methods PVAR and LVMBM the used sizes of bundles were 2, 50 and 100.For the program LVMBM the maximum numbers of stored 
orre
tions were setto 3, 7 and 15 and, as before, we denote these di�erent modi�
ations byLVMBM(3), LVMBM(7) and LVMBM(15).72



In our experiments, we used the following values of parameters:� For 
onvex problems 23 and 24, the distan
e measure parameter
 = 0:0 was used with the programs PBUN, PBNCGC and LVMBM.With the bundle-Newton program PNEW the distan
e measure param-eter 
 = 0:1 was used sin
e the value of 
 has to be positive. Also thedistan
e measure exponent ! was set to 2 with the program PNEW.With the program PVAR the 
onvex version of the program was used.� For non
onvex problems 25 and 26 the non
onvex version of theprogram PVAR was used. The distan
e measure parameter 
 = 0:50was used with all the programs. Also for these problems the distan
emeasure exponent ! was set to 2 with the program PNEW.� For the proximal bundle programs PBUN and PBNCGC the line sear
hparameter "L = 0:05 was used for problems 23 and 24. Otherwise,"L = 0:01 (default value) was used.For the limited memory variable metri
 bundle program LVMBM theline sear
h parameter "L = 0:05 was used for problems 23 { 25. Forproblem 26, the default value "L = 0:01 was used.� For all UFO programs (PVAR, PNEW and PBUN) the maximum step sizeXMAX was set to 1000 (default value) for problems 23 and 24 and to2 for others.For limited memory variable metri
 bundle program LVMBM the max-imum step size XMAX was set to 10 for problem 25. Otherwise, thedefault value XMAX = 2 was used.� The maximum number of iterations and fun
tion evaluations wereset to 20000 and 50000 for PVAR, LVMBM, PBUN and PBNCGC, and to2000 and 5000 for PNEW, respe
tively.With the largest problems (n = 10000) both the maximum numberof iterations and the maximum number of fun
tion evaluations wereset to 50000.� The stopping 
riterion was " = 10�5 when the number of variableswas 100 and " = 10�4 in all the other 
ases.All the programs were tested with all the problems when the number ofvariables was smaller or equal to 300. With larger problems we stopped theexperiments if the CPU time used ex
eeded one hour. In pra
ti
e this meant73



that the program PNEW was tested only with medium-s
ale problems (n = 100and n = 300) and the largest problems solved with the program PVAR hadthe number of variables n = 1000. For the proximal bundle methods PBUNand PBNCGC the used maximum number of iterations (20000) was not bigenough to solve the problems with more than 1000 variables. Thus, the largerproblems (problems 23 and 24, n � 3000) were tested only with the newlimited memory variable metri
 bundle method LVMBM. The largest problems(problems 23 and 24, n = 10000) were tested only with bundles of small andmedium sizes (m� = 2 and m� = 50).The results of the experiments are summarized in Tables 31 { 44 of Ap-pendix A. Some of the results are also displayed in Figures 4 and 5. InFigure 4, we give the CPU times of problem 23 versus the number of vari-ables for all the programs with the small bundle. The results where themaximum number of iterations was not big enough are not in
luded on thedata. In Figure 5, we give the number of iterations used for problem 23.These results are displayed for all the programs with all the used sizes ofbundles and for 100, 300 and 1000 variables.
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Figure 5: Iterations used for the problem 23.From the numeri
al results we 
an 
on
lude the superiority of the limitedmemory variable metri
 bundle program LVMBM when 
omparing the 
ompu-tational times. In all the 
ases, it used less CPU time and iterations than theother methods. However, the minimum of the obje
tive fun
tion found withthis method was usually a little bit greater than with the other methods.The results of the programs obtained with the other nonsmooth problemsbehaved quite similarly to those of problem 23 (see Figures 4 and 5). Forexample, with the problem 24 for n = 100 the limited memory variablemetri
 bundle program LVMBM(7) (with m� = 2) was about 6 times fasterthan the program PVAR (withm� = 2), 70 times faster than the program PBUN(with m� = 10), 110 times faster than the program PBNCGC (with m� = 10)and 230 times faster than the program PNEW (with m� = 10). For n =300, the 
orresponding values were 50, 110, 220 and 910, respe
tively. Forn = 1000 the program LVMBM(7) was about 230 times faster than PVAR.With the proximal bundle programs PBUN and PBNCGC the optimization wereterminated sin
e the maximum number of iterations was rea
hed and, as saidbefore, the program PNEW was not tested with n > 300.75



With the limited memory variable metri
 bundle program LVMBM the num-ber of iterations was approximately the same regardless of the size of thebundle (m�) or the number of stored 
orre
tions (m
). As with smooth prob-lems, the 
omputational time of the program in
reased with the size of thebundle, but the results obtained with the small bundle were in all 
ases atleast as good as with the larger bundles and, thus, there is no reason touse the size of the bundle greater than 2. With all the tested problems the
omputational time of the program LVMBM in
reased also with the numberof stored 
orre
tions. With nonsmooth problems the values of the obje
tivefun
tion obtained with the small number of stored 
orre
tions (m
 = 3) werein ea
h 
ase worse than those obtained with larger number of stored 
orre
-tions. This result was even more evident with non
onvex problems. In fa
t,the new method had some diÆ
ulties to re
ognize a good solution in non-
onvex 
ase espe
ially with small number of stored 
orre
tions. Thus, withnonsmooth and espe
ially with non
onvex problems the number of stored
orre
tions should be at least 7.The variable metri
 bundle program PVAR worked well for problems withno more than 1000 variables. In these 
ases, it used less CPU time thanthe other methods ex
ept the program LVMBM and it usually needed feweriterations than the other methods. It also found the minimum in the mostreliable way. However, when the dimension of the problems in
reased the
omputational time of the program PVAR expanded rapidly.Also with the bundle-Newton program PNEW the total amount of iterationsstayed quite low. However, ea
h individual iteration was so 
ostly that PNEWwas the most time-
onsuming of the methods tested already with the smallestproblems (n = 100). In addition, in our experiments there were some failuresand ina

urate results with this program. However, M�akel�a et al. (1999) havereported the superiority of the program PNEW when 
ompared to the proximalbundle programs PBUN and PBNCGC when solving hemivariational inequalities.In their results the program PNEW was the most eÆ
ient and the most reliablemethod tested also with the large-s
ale problems.In 
ontrast to the results of smooth problems, the program PBNCGC usuallyrequired fewer iterations and fun
tion evaluations than the other proximalbundle program PBUN. The program PBNCGC was also quite reliable: if themaximum number of iterations was big enough, it found the lo
al minimumin ea
h 
ase. With the program PBUN some ina

urate results o

urred. Withboth the proximal bundle programs the number of iterations needed and the
omputational times elapsed expanded rapidly with the dimension of theproblems. Ea
h individual iteration of the program PBNCGC was more 
ostly76



than that of PBUN is and, thus, with medium-s
ale problems n � 300 theprogram PBUN used less CPU time than the program PBNCGC.All the tested programs solved the 
onvex image restoration problems 23 and24 properly for medium-s
ale 
ases (n = 100 and n = 300) (see Tables 31,32, 36 and 37 of Appendix A). With the bundle-Newton program PNEW theoptimization was usually terminated be
ause the value of x did not 
hangeenough but also in these 
ases the minimum values of the obje
tive fun
tionswere approximately as small as with the other programs.For n = 1000, the variable metri
 bundle programs PVAR and LVMBM withall sizes of bundle and the proximal bundle program PBNCGC with the largestbundle solved the problems 23 and 24 with the desired a

ura
y. For the otherproximal bundle program PBUN and for the program PBNCGC with smaller bun-dles the maximum number of iterations (20000) was rea
hed. Thus, we testedthe proximal bundle programs PBUN and PBNCGC also with 50000 iterations.In these 
ases, the CPU time used by program PBNCGC ex
eeded one hourand for program PBUN even this amount of iterations was not big enough.For n = 3000 and n = 10000, the only method tested was the new limitedmemory variable metri
 bundle program LVMBM. The program solved bothproblems 23 and 24 properly also in these larger 
ases.For n = 100, the variable metri
 bundle method PVAR with all sizes of bun-dle, both the proximal bundle methods PBUN and PBNCGC with the largestbundle and the limited memory variable metri
 bundle method LVMBM withthe largest number of stored 
orre
tions su

eeded to solve the nonsmooth
hained Rosenbro
k problem 25 with the desired a

ura
y (see Table 41 ofAppendix A). With 3 stored 
orre
tions the limited memory variable met-ri
 bundle program LVMBM had some serious diÆ
ulties to re
ognize a goodsolution. That is that a

ording to termination parameter the problem wassolved with the desired a

ura
y but the value of the obje
tive fun
tion attermination was mu
h worse than that obtained with the other programs.With 7 stored 
orre
tions the results obtained with the program LVMBM werealready 
learly better than those obtained with 3 stored 
orre
tions and, asmentioned above, with 15 stored 
orre
tions the program LVMBM su

eededto solve problem 25 with the desired a

ura
y.For n = 300, only the program PVAR su

eeded to solve problem 25 properly,although also this program had some diÆ
ulties to re
ognize a good solutionwhen the smallest bundle was used. As before, the values of the obje
tivefun
tion obtained with the program LVMBM were mu
h larger than they shouldhave been and with 3 stored 
orre
tions they were not even 
lose to an optimalsolution (see Table 42 of Appendix A).77



With problem 26 the programs PBUN and LVMBM 
onverged to a di�erent lo
alminimum than the other programs. In these 
ases, the optimization wasterminated be
ause the value of the obje
tive fun
tion did not 
hange. Theprograms PBNCGC and PVAR 
onverged to the global minimum of the obje
tivefun
tion and solved the problem with the desired a

ura
y. The programPNEW failed to minimize this problem (see Tables 43 { 44 of Appendix A).The new limited memory variable metri
 bundle method LVMBM was 
learlythe most eÆ
ient method tested for large-s
ale problems. For 
onvex prob-lems the new method found the minimum of the obje
tive fun
tion in areliable way. In non
onvex 
ase, the new method had some diÆ
ulties tore
ognize a good solution espe
ially with the small maximum number ofstored 
orre
tions. Thus, it seems that with nonsmooth and espe
ially withnon
onvex problems the maximum number of stored 
orre
tions should beat least 7. Also the a

ura
y of the method still needs some modi�
ations sothat it 
an better be 
ompared with the other methods. The other programstested were quite eÆ
ient for the smallest problems used in the experiments.However, the 
omputational times of these methods expanded rapidly withthe dimension of the problem.7 Con
lusionsIn this thesis, we have 
onsidered the optimization of nonsmooth but lo
allyLips
hitz 
ontinuous obje
tive fun
tions with spe
ial emphasis on large-s
aleproblems. The existing bundle methods are reliable and eÆ
ient methods forsmall- and medium-s
ale problems. However, in large-s
ale 
ases their 
om-putational demand expands. On the other hand, the subgradient methodssu�er from some serious disadvantages and, thus, they are not ne
essarilythe best 
hoi
es for large-s
ale optimization. Furthermore, we have not beenable to �nd any general solver for nonsmooth large-s
ale problems from lit-erature. Thus, there is an evident need for a reliable and eÆ
ient solver fornonsmooth large-s
ale optimization problems.In this thesis, we have des
ribed some existing methods for nonsmooth opti-mization and one method for large-s
ale smooth optimization. In addition,we have introdu
ed a new limited memory variable metri
 bundle method fornonsmooth large-s
ale optimization. We have also tested the performan
e ofthese di�erent optimization methods.The new limited memory variable metri
 bundle method worked well forboth the smooth and the 
onvex nonsmooth optimization problems. In these
ases, it was 
learly the most eÆ
ient method tested when 
omparing the
omputational times and it also found the (lo
al) minimum in a reliable78



way. With the smooth problems, the new limited memory variable metri
bundle method LVMBM was almost twi
e as fast as the other limited memoryvariable metri
 method L-BFGS that has been developed for smooth large-s
ale minimization. In addition, for example for 1000 variables, the limitedmemory variable metri
 bundle method LVMBM was about 5 times faster thanthe fastest of the bundle methods PBUN and 250 times faster than the orig-inal variable metri
 bundle method PVAR. For nonsmooth problems, thesedi�eren
es were even more per
eptible. For example, for one problem with300 variables, the limited memory variable metri
 bundle method LVMBM wasabout 60 times faster than the original variable metri
 bundle program PVAR,90 times faster than the proximal bundle program PBUN, 270 times faster thanthe other proximal bundle program PBNCGC and 1300 times faster than thebundle-Newton program PNEW.With smooth problems the a

ura
y of the new method was 
omparable tothe other methods tested. However, with nonsmooth problems the minimumsfound with the limited memory variable metri
 bundle method were usuallyslightly greater than those of the other methods. Thus, the a

ura
y of themethod still needs some modi�
ations so that it 
an better be 
ompared withthe other methods. The new method also had some diÆ
ulties to re
ognizea good solution in nonsmooth non
onvex 
ase. This diÆ
ulty was mostevident with the small maximum number of stored 
orre
tions. Thus, withnonsmooth and espe
ially with non
onvex problems the maximum numberof stored 
orre
tions should be at least 7.In summary, we have introdu
ed a new method for large-s
ale nonsmooth un-
onstrained optimization. Although the new method is quite useful already,there is a lot of further work required before the idea is 
omplete. Possibleareas of future development in
lude the following:� More nonsmooth numeri
al experiments.� Implementation with better a

ura
y properties.� Convergen
e analysis.� Better implementation of bundle updating and line sear
h.� Alternative ways of s
aling the updates (espe
ially, the SR1 update).� Constraint handling (simple bounds, linear 
onstraints, nonlinear
onstraints).� Parallelized version of the method.79



A Computational Results in TablesThe results of the smooth problems 1 { 22 with 10, 100, 1000 and 10000variables are 
olle
ted in Tables 3 { 24. The parameters used are 
hosenexperimentally (for details see Appendix C).To see what kind of an e�e
t the 
hoi
e of parameter values had, the smoothproblems 1 { 22 were also solved with the default parameters of the programs.The results are 
olle
ted in Tables 25 { 30. The default parameter valuesused 
an be found in Appendix B and the experimentally 
hosen parametervalues 
an be found in Appendix C. With the programs PVAR and PNEW thesizes of the bundle were set to m� = 2 and m� = 10, respe
tively, also withthe default values. In these experiments, the number of variables was set to500.The results of the nonsmooth problems 23 { 26 with 100, 300, 1000, 3000and 10000 variables are 
olle
ted in Tables 31 { 44. The parameters used inthese experiments 
an be found in Se
tion 6.3.2.In all the tables, n is the number of variables, m� is the size of the bundle, Nois the problem number, Ni denotes the number of iterations used, Nf denotesthe number of obje
tive fun
tion evaluations used, Ng denotes the numberof subgradient evaluations used (in 
ase of the programs PVAR, PBUN, PBNCGCand LVMBM this is the same as Nf), f is the value of the obje
tive fun
tionat termination and Iterm is the 
ause of the termination (see Appendix D).In addition, with the program L-BFGS we denote the maximum number ofstored 
orre
tions by m
.The CPU times (Time) are given in se
onds. For the smooth problemsthe CPU times given are the total times used for the set of problems. Fornonsmooth problems the CPU times are given individually.
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Table 3: Numeri
al results of PVAR with 10 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 73 74 8:1 � 10�9 4 82 87 1:4 � 10�8 42 125 125 4:5 � 10�9 4 129 134 1:5 � 10�9 43 33 33 1:8 � 10�5 4 34 34 6:8 � 10�7 44 61 61 0:920932 4 101 146 0:920934 45 16 16 9:2 � 10�8 4 18 20 6:1 � 10�9 46 23 23 5:3 � 10�7 4 22 29 2:3 � 10�7 47 79 79 2:149359 4 47 47 3:019295 48 47 48 10:23278 4 51 53 10:23278 49 10 10 �133:5106 4 18 20 �133:5106 410 12 12 �139:0000 4 25 27 �139:0000 411 93 93 0:107766 4 125 130 0:107766 412 34 34 1:732180 4 52 61 1:732180 413 10 10 9:1 � 10�10 4 17 17 4:4 � 10�10 414 28 29 2:0 � 10�9 4 54 84 4:4 � 10�9 415 9 9 1:924609 4 9 9 1:924609 416 12 12 �8:051392 4 20 27 �8:051392 417 26 40 �0:038526 2 24 51 �0:038526 218 11 12 �0:025142 4 11 12 �0:025142 419 10 10 57:70502 4 10 10 57:70502 420 16 17 �1:012303 4 16 20 �1:012303 421 15 17 2:140725 4 16 20 2:140725 422 68 73 1:000000 4 51 62 1:000000 4Time: 0:02 0:04Table 4: Numeri
al results of PNEW with 10 variables.m� = 10 m� = 13No Ni Nf Ng f Iterm Ni Nf Ng f Iterm1 59 60 660 3:986579 4 64 65 715 3:986579 42 130 131 1441 2:3 � 10�25 4 130 131 1441 2:3 � 10�25 43 39 40 440 1:3 � 10�9 2 39 40 440 1:3 � 10�9 24 36 38 408 0:920932 4 43 45 485 0:920932 45 18 19 209 2:6 � 10�12 4 18 19 209 2:6 � 10�12 46 22 23 253 7:5 � 10�12 4 22 23 253 7:5 � 10�12 47 10 11 121 3:019295 4 10 11 121 3:019295 48 31 32 352 10:23278 4 31 32 352 10:23278 49 7 8 88 �133:5106 4 7 8 88 �133:5106 410 7 8 88 �139:0000 4 7 8 88 �139:0000 411 70 73 783 0:107766 4 67 70 750 0:107766 412 11 12 132 1:732180 4 11 12 132 1:732180 413 12 13 143 6:7 � 10�27 4 12 13 143 6:7 � 10�27 414 4 5 55 5:2 � 10�22 4 4 5 55 5:2 � 10�22 415 3 4 44 1:924609 4 3 4 44 1:924609 416 9 10 110 �8:051392 4 9 10 110 �8:051392 417 4 5 55 �0:038526 4 4 5 55 �0:038526 418 2 3 33 �0:025142 4 2 3 33 �0:025142 419 2 3 33 57:70502 4 2 3 33 57:70502 420 7 8 88 �1:012303 4 7 8 88 �1:012303 421 7 8 88 2:140725 4 7 8 88 2:140725 422 41 43 463 1:000000 4 41 43 463 1:000000 4Time: 0:10 0:1181



Table 5: Numeri
al results of PBUN with 10 variables.m� = 10 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 427 434 5:7 � 10�7 2 253 257 2:9 � 10�7 22 188 189 1:1 � 10�5 4 268 269 2:3 � 10�7 23 132 133 2:7 � 10�6 4 60 61 3:1 � 10�5 44 46 47 0:920938 4 46 47 0:920938 45 25 27 3:1 � 10�11 4 25 27 3:1 � 10�11 46 21 22 2:3 � 10�7 4 21 22 2:3 � 10�7 47 17 18 3:019295 4 17 18 3:019295 48 341 346 10:23282 4 226 230 10:28055 49 13 14 �133:5106 4 13 14 �133:5106 410 26 27 �139:0000 4 26 27 �139:0000 411 231 233 0:107818 2 290 292 0:107796 212 84 85 1:732182 4 66 67 1:732186 413 12 13 8:8 � 10�16 4 12 13 8:8 � 10�16 414 95 101 6:4 � 10�5 4 116 123 3:4 � 10�5 415 40 41 1:924609 4 40 41 1:924609 416 16 17 �8:051392 4 16 17 �8:051392 417 26 27 �0:038526 4 26 27 �0:038526 418 25 27 �0:025142 4 25 27 �0:025142 419 16 17 57:70502 4 16 17 57:70502 420 21 23 �1:012303 4 21 23 �1:012303 421 29 30 2:140727 4 29 30 2:140727 422 33 38 1:000000 4 26 31 1:000000 4Time: 0:10 0:09Table 6: Numeri
al results of PBNCGC with 10 variables.m� = 10 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 506 510 4:4 � 10�7 0 195 443 7:4 � 10�8 02 396 676 7:1 � 10�8 0 290 820 1:8 � 10�7 03 114 115 1:5 � 10�5 0 113 114 7:6 � 10�6 04 100 101 0:920938 0 100 101 0:920939 05 14 15 1:9 � 10�6 0 14 15 1:9 � 10�6 06 16 17 5:1 � 10�7 0 16 17 5:1 � 10�7 07 16 17 3:019295 0 16 17 3:019295 08 387 388 10:23278 0 283 284 10:23278 09 17 18 �133:5106 0 17 18 �133:5106 010 24 25 �139:0000 0 24 25 �139:0000 011 28 29 1:053642 0 28 29 1:053642 012 113 114 1:732180 0 92 93 1:732180 013 10 11 2:3 � 10�7 0 10 11 2:3 � 10�7 014 51 148 2:3 � 10�7 0 42 122 1:8 � 10�7 015 79 80 1:924609 0 85 86 1:924609 016 20 21 �8:051392 0 20 21 �8:051392 017 28 29 �0:038526 0 28 29 �0:038526 018 53 54 �0:025142 0 51 52 �0:025142 019 27 28 57:70502 0 27 28 57:70502 020 42 43 �1:012303 0 45 46 �1:012303 021 32 33 2:140725 0 32 33 2:140725 022 35 36 1:000000 0 25 26 1:000000 0Time: 0.16 0.1482



Table 7: Numeri
al results of LVMBM(7) with 10 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 96 108 1:1 � 10�8 1 93 103 5:6 � 10�8 12 147 167 2:7 � 10�7 1 146 166 2:7 � 10�7 13 35 39 7:2 � 10�7 1 36 38 9:6 � 10�6 14 57 59 0:920933 1 55 58 0:920940 15 14 14 1:1 � 10�7 1 14 14 1:1 � 10�7 16 26 26 5:9 � 10�7 1 26 26 5:9 � 10�7 17 12 12 3:019295 1 12 12 3:019295 18 79 96 10:23278 1 73 87 10:23278 19 11 11 �133:5106 1 11 11 �133:5106 110 15 15 �139:0000 1 15 15 �139:0000 111 77 88 0:107766 1 76 86 0:107766 112 52 61 1:732180 1 47 56 1:732180 113 10 10 7:2 � 10�10 1 10 10 7:2 � 10�10 114 25 28 6:6 � 10�8 1 25 28 6:6 � 10�8 115 9 10 1:924609 1 9 10 1:924609 116 12 12 �8:051392 1 12 12 �8:051392 117 7 7 �0:038526 1 7 7 �0:038526 118 7 7 �0:025142 1 7 7 �0:025142 119 10 11 57:70502 1 10 11 57:70502 120 18 19 �1:012303 1 18 19 �1:012303 121 18 19 2:140725 1 18 19 2:140725 122 35 41 1:000000 1 45 50 1:000002 1Time: 0:02 0:03Table 8: Numeri
al results of LVMBM(3) with 10 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 102 120 7:8 � 10�8 1 114 126 1:7 � 10�7 12 258 322 2:7 � 10�6 1 255 281 2:3 � 10�6 13 37 40 2:1 � 10�5 1 45 50 1:1 � 10�5 14 58 59 0:920933 1 58 59 0:920933 15 14 14 1:1 � 10�7 1 14 14 1:1 � 10�7 16 26 26 5:9 � 10�7 1 26 26 5:9 � 10�7 17 12 12 3:019295 1 12 12 3:019295 18 129 159 10:23278 1 111 125 10:23279 19 11 11 �133:5106 1 11 11 �133:5106 110 16 16 �139:0000 1 16 16 �139:0000 111 70 94 0:108245 1 59 69 0:107787 112 50 57 1:732180 1 57 73 1:732180 113 10 10 8:5 � 10�10 1 10 10 8:5 � 10�10 114 29 32 6:2 � 10�6 1 29 32 6:2 � 10�6 115 10 11 1:924609 1 10 11 1:924609 116 12 12 �8:051392 1 12 12 �8:051392 117 7 7 �0:038526 1 7 7 �0:038526 118 7 7 �0:025142 1 7 7 �0:025142 119 10 11 57:70502 1 10 11 57:70502 120 18 19 �1:012303 1 18 19 �1:012303 121 19 19 2:140725 1 19 19 2:140725 122 24 27 1:000000 1 27 30 1:000000 1Time: 0:02 0:0383



Table 9: Numeri
al results of L-BFGS with 10 variables.m
 = 3 m
 = 7No Ni Nf f Iterm Ni Nf f Iterm1 94 108 4:7 � 10�14 0 76 93 5:4 � 10�16 02 416 467 8:3 � 10�14 0 212 243 1:5 � 10�13 03 147 226 2:7 � 10�13 0 93 133 5:5 � 10�14 04 186 280 0:920932 0 64 85 0:920932 05 17 22 1:2 � 10�12 0 16 19 1:5 � 10�12 06 23 24 1:1 � 10�12 0 23 24 2:0 � 10�13 07 17 19 3:019295 0 13 14 3:019295 08 292 324 10:23278 0 138 155 10:23278 09 16 20 �133:5106 0 14 18 �133:5106 010 25 27 �139:0000 0 22 24 �139:0000 011 347 390 0:107766 0 35 37 1:053883 012 78 85 1:732179 0 47 56 1:732179 013 11 12 1:7 � 10�15 0 10 11 1:4 � 10�13 014 194 261 9:0 � 10�12 0 55 79 6:2 � 10�13 015 26 32 1:924609 0 13 16 1:924609 016 18 20 �8:051392 0 16 19 �8:051392 017 14 15 �0:038526 0 10 11 �0:038526 018 15 17 �0:025142 0 10 12 �0:025142 019 16 19 57:70502 0 12 14 57:70502 020 29 32 �1:012303 0 25 28 �1:012303 021 30 33 2:140725 0 24 29 2:140725 022 21 27 1:000000 0 23 27 1:000000 0Time: 0:04 0:03

84



Table 10: Numeri
al results of PVAR with 100 variables.m� = 2 m� = 103No Ni Nf f Iterm Ni Nf f Iterm1 451 452 1:9 � 10�8 4 967 1082 2:6 � 10�7 42 518 518 1:7 � 10�5 4 572 596 9:9 � 10�8 43 58 60 1:1 � 10�6 4 624 768 1:2 � 10�6 44 161 162 25:20614 4 185 203 25:20613 45 19 19 7:5 � 10�7 4 68 112 2:0 � 10�7 26 40 40 3:2 � 10�6 4 447 641 5:8 � 10�8 47 614 614 29:52503 4 342 381 24:33194 48 34 34 1039:416 4 85 93 1039:416 49 11 11 �98:85603 4 11 11 �98:85603 410 370 517 �140:1000 4 235 250 �140:1000 411 323 363 1:077664 4 547 707 1:077659 212 229 229 82:29126 4 330 377 82:29126 413 13 15 6:1 � 10�10 4 15 17 1:3 � 10�13 414 3 3 1:2 � 10�6 4 3 3 1:2 � 10�6 415 129 129 1:924023 4 116 116 1:924023 416 39 39 �49:99978 4 123 147 �49:99978 417 29 30 �0:037998 4 45 57 �0:037999 418 49 50 �0:024580 4 94 94 �0:024581 419 115 115 59:40673 4 101 101 59:40673 420 117 117 �1:001340 4 359 441 �1:001340 421 75 75 2:138266 4 137 155 2:138263 422 1094 1097 1:000004 4 185 188 1:000000 4Time: 2.32 4.88Table 11: Numeri
al results of PNEW with 100 variables.m� = 10 m� = 103No Ni Nf Ng f Iterm Ni Nf Ng f Iterm1 438 439 44339 3:986624 4 438 439 44339 3:986624 42 227 233 23033 1:6 � 10�18 4 242 246 24546 1:7 � 10�23 43 36 37 3737 1:1 � 10�9 2 36 37 3737 1:1 � 10�9 24 38 42 3942 25:20613 4 38 42 3942 25:20613 45 19 20 2020 2:8 � 10�12 4 19 20 2020 2:8 � 10�12 46 26 27 2727 3:0 � 10�12 4 26 27 2727 3:0 � 10�12 47 10 11 1111 33:37543 4 10 11 1111 33:37543 48 15 16 1616 1039:416 4 15 16 1616 1039:416 49 9 10 1010 �98:85603 4 9 10 1010 �98:85603 410 68 88 6988 �133:1000 4 92 115 9415 �132:9000 411 53 54 5454 1:077659 4 69 70 7070 1:077659 412 11 12 1212 82:29126 4 11 12 1212 82:29126 413 13 14 1414 8:1 � 10�23 4 13 14 1414 8:1 � 10�23 414 4 5 505 6:8 � 10�25 4 4 5 505 6:8 � 10�25 415 4 5 505 1:924023 4 4 5 505 1:924023 416 10 11 1111 �49:99978 4 10 11 1111 �49:99978 417 4 5 505 �0:037999 4 4 5 505 �0:037999 418 2 3 303 �0:024581 4 2 3 303 �0:024581 419 2 3 303 59:40673 4 2 3 303 59:40673 420 8 9 909 �1:001340 4 8 9 909 �1:001340 421 9 10 1010 2:138263 4 9 10 1010 2:138263 422 129 140 13140 1:000000 4 148 157 15057 1:000000 4Time: 14:98 37:6285



Table 12: Numeri
al results of PBUN with 100 variables.m� = 10 m� = 103No Ni Nf f Iterm Ni Nf f Iterm1 1488 1489 4:0 � 10�5 4 1720 1722 5:0 � 10�5 42 1601 1602 6:1 � 10�7 2 1995 1999 2:6 � 10�8 23 164 165 4:1 � 10�6 2 75 76 5:1 � 10�5 44 65 67 25:20692 4 65 67 25:20692 45 22 23 1:7 � 10�7 4 22 23 1:7 � 10�7 46 23 24 7:9 � 10�8 4 23 24 7:9 � 10�8 47 24 27 33:37543 4 26 28 33:37543 48 45 46 1039:416 4 45 46 1039:416 49 11 12 �98:85603 4 11 12 �98:85603 410 163 164 �140:1000 4 166 167 �140:1000 411 358 362 1:078535 4 291 293 1:077677 412 221 222 82:29210 4 203 204 82:29136 413 11 12 3:0 � 10�12 4 11 12 3:0 � 10�12 414 21 26 1:2 � 10�6 2 21 26 1:2 � 10�6 215 277 280 1:924505 4 285 287 1:924444 416 56 57 �49:99978 4 51 52 �49:99978 417 323 325 �0:037998 2 183 185 �0:037995 418 170 173 �0:024576 4 177 180 �0:024558 419 232 234 59:40692 4 123 125 59:40683 420 254 256 �1:001321 4 199 201 �1:000899 421 188 190 2:139308 4 158 159 2:139909 422 20 35 17:97757 1 20 35 17:97757 1Time: 0.93 4.10Table 13: Numeri
al results of PBNCGC with 100 variables.m� = 10 m� = 103No Ni Nf f Iterm Ni Nf f Iterm1 884 889 2:5 � 10�6 0 2593 3365 1:1 � 10�6 02 1729 1731 1:3 � 10�6 0 1224 1225 6:3 � 10�7 03 162 163 1:1 � 10�5 0 152 153 9:9 � 10�6 04 188 189 25:20614 0 189 190 25:20614 05 15 16 1:2 � 10�6 0 15 16 1:2 � 10�6 06 20 21 2:2 � 10�6 0 21 22 2:5 � 10�7 07 19 20 33:37543 0 19 20 33:37543 08 79 80 1039:416 0 75 76 1039:416 09 13 14 �98:85603 0 13 14 �98:85603 010 340 341 �108:5000 0 313 314 �108:5000 011 197 438 1:077659 0 204 317 1:077659 012 442 443 82:29126 0 423 424 82:29126 013 15 16 4:6 � 10�8 0 15 16 4:6 � 10�8 014 248 1004 1:0 � 10�6 0 97 399 1:2 � 10�6 015 3851 3852 1:924023 0 735 736 1:924023 016 75 76 �49:99978 0 75 76 �49:99978 017 204 409 �0:037998 0 191 383 �0:037998 018 254 509 �0:024580 0 216 433 �0:024580 019 335 336 59:40673 0 342 343 59:40673 020 327 328 �1:001337 0 388 389 �1:001339 021 327 645 2:138266 0 305 599 2:138265 022 896 897 1:000001 0 590 591 1:000000 0Time: 4.36 21.5286



Table 14: Numeri
al results of LVMBM(7) with 100 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 694 857 9:8 � 10�8 1 594 647 2:3 � 10�7 12 1127 1305 9:4 � 10�6 1 1197 1280 5:4 � 10�6 13 52 56 8:2 � 10�6 1 52 56 8:3 � 10�6 14 65 66 25:20613 1 73 75 25:20613 15 14 14 9:5 � 10�8 1 14 14 9:5 � 10�8 16 22 22 6:5 � 10�7 1 22 22 6:5 � 10�7 17 16 17 33:37543 1 16 17 33:37543 18 42 44 1039:416 1 42 44 1039:416 19 11 11 �98:85603 1 11 11 �98:85603 110 116 175 �140:1000 1 119 133 �139:7000 111 100 117 1:077787 1 97 105 1:077659 112 138 140 82:29126 1 131 132 82:29126 113 7 7 4:5 � 10�8 1 7 7 4:5 � 10�8 114 2 2 1:2 � 10�6 1 2 2 1:2 � 10�6 115 63 65 1:924024 1 65 67 1:924024 116 39 39 �49:99978 1 39 39 �49:99978 117 32 33 �0:037997 1 32 33 �0:037997 118 51 53 �0:024579 1 51 53 �0:024579 119 68 69 59:40673 1 68 69 59:40673 120 127 129 �1:001336 1 129 131 �1:001335 121 85 85 2:138267 1 85 85 2:138267 122 98 107 1:000000 1 101 108 1:000001 1Time: 0:35 1:17Table 15: Numeri
al results of LVMBM(3) with 100 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 730 880 3:4 � 10�7 1 649 708 4:1 � 10�7 12 1120 1423 5:3 � 10�6 1 705 774 9:8 � 10�6 13 47 49 1:2 � 10�5 1 47 49 1:3 � 10�5 14 69 73 25:20613 1 59 61 25:20614 15 14 14 9:5 � 10�8 1 14 14 9:5 � 10�8 16 22 22 6:5 � 10�7 1 22 22 6:5 � 10�7 17 16 17 33:37543 1 16 17 33:37543 18 44 47 1039:416 1 43 45 1039:416 19 11 11 �98:85603 1 11 11 �98:85603 110 138 179 �118:3000 1 120 137 �125:5000 111 178 230 1:077674 1 255 291 1:077660 112 158 162 82:29126 1 144 150 82:29126 113 7 7 4:5 � 10�8 1 7 7 4:5 � 10�8 114 2 2 1:2 � 10�6 1 2 2 1:2 � 10�6 115 110 113 1:924026 1 87 90 1:924061 116 45 46 �49:99978 1 45 46 �49:99978 117 59 63 �0:037997 1 55 58 �0:037995 118 76 78 �0:024579 1 79 82 �0:024579 119 73 74 59:40674 1 73 74 59:40674 120 149 151 �1:001339 1 135 136 �1:001335 121 113 113 2:138269 1 113 113 2:138269 122 94 98 1:000002 1 100 104 1:000001 1Time: 0:32 1:0287



Table 16: Numeri
al results of L-BFGS with 100 variables.m
 = 3 m
 = 7No Ni Nf f Iterm Ni Nf f Iterm1 548 598 5:1 � 10�13 0 535 627 2:3 � 10�14 02 1045 1473 4:8 � 10�12 0 791 1151 4:1 � 10�12 03 197 214 2:2 � 10�12 0 150 163 7:3 � 10�12 04 222 233 25:20613 0 114 118 25:20613 05 22 23 1:9 � 10�12 0 21 22 2:9 � 10�12 06 35 37 2:7 � 10�12 0 35 37 1:8 � 10�12 07 27 31 33:37543 0 26 30 33:37543 08 65 70 1039:416 0 60 66 1039:416 09 13 16 �98:85603 0 13 16 �98:85603 010 352 375 �108:9000 0 251 258 �108:5000 011 354 392 1:077659 0 139 169 1:077659 012 238 255 82:29126 0 226 242 82:29126 013 11 12 1:5 � 10�14 0 11 12 1:2 � 10�14 014 6629 6942 9:0 � 10�9 0 2964 3038 6:7 � 10�10 015 { { { �1=3 { { { �1=316 74 80 �49:99978 0 68 73 �49:99978 017 156 166 �0:037999 0 121 127 �0:037999 018 262 273 �0:024581 0 159 166 �0:024581 019 214 228 59:40673 0 158 163 59:40673 020 309 326 �1:001340 0 240 246 �1:001340 021 310 320 2:138263 0 194 202 2:138263 022 249 257 1:000000 0 140 149 1:000000 0Time: 0:93 0:65

88



Table 17: Numeri
al results of PVAR with 1000 variables.m� = 2� m� = 1003No Ni Nf f Iterm Ni Nf f Iterm1 14357 14374 6:3 � 10�9 4 5376 5425 9:2 � 10�8 42 2035 2036 53:58541 4 2812 2833 75:32483 43 99 101 3:1 � 10�5 4 2805 2884 9:6 � 10�7 44 8177 8667 269:5364 4 8460 8699 269:4996 45 18 18 1:2 � 10�6 4 28 40 2:1 � 10�7 46 308 308 4:2 � 10�5 4 261 282 8:2 � 10�8 47 5527 5724 188:7643 4 3235 3293 276:2918 48 116 121 761775:0 2 108 109 761775:0 29 28 28 316:4361 4 28 29 316:4361 410 4001 6137 �139:2500 4 2770 2925 �136:8500 411 2158 2354 10:77659 4 688 702 10:77659 412 1216 1249 982:2738 2 1073 1095 982:2736 213 22 23 2:2 � 10�11 4 17 20 5:4 � 10�12 414 3 3 1:3 � 10�9 4 3 3 1:3 � 10�9 415 1063 1063 1:924016 4 1026 1030 1:924016 416 229 242 �427:4045 2 1242 1268 �427:4045 417 341 531 �0:037992 4 506 708 �0:037992 418 454 907 �0:024574 4 454 907 �0:024574 419 1052 1070 59:59862 4 1034 1044 59:59862 420 4678 4687 �1:000135 4 3496 3525 �1:000135 421 676 1271 2:138670 4 1323 1324 2:138664 422 1162 1162 1:000121 4 1572 1574 1:000000 4Time: 3886.62 (� 1.1h) 8437.67 (� 2.3h)* m� = 4 in problems 1 and 2Table 18: Numeri
al results of PNEW with 1000 variables.m� = 10No Ni Nf Ng f Iterm1 4303 4305 4308305 3:986624 42 35 36 36036 3930:722 13 36 37 37037 1:2 � 10�9 24 57 58 58058 269:4995 45 21 22 22022 1:1 � 10�12 46 23 24 24024 4:2 � 10�12 47 10 11 11011 336:9372 48 8 15 9015 761775:0 49 26 30 27030 316:4361 410 139 140 140140 �82:93942 111 82 83 83083 10:77659 412 11 12 12012 982:2736 413 14 15 15015 1:8 � 10�42 414 4 5 5005 1:2 � 10�26 415 4 5 5005 1:924016 416 11 12 12012 �427:4045 417 4 5 5005 �0:037992 418 2 3 3003 �0:024574 419 2 6 3006 59:59862 420 11 12 12012 �1:000135 421 10 11 11011 2:138664 422 116 130 117130 11:83995 1Time: 32192.21 (� 8.9h)89



Table 19: Numeri
al results of PBUN with 1000 variables.m� = 10 m� = 1003No Ni Nf f Iterm Ni Nf f Iterm1 15293 15295 1:9 � 10�6 2 16059 16061 4:5 � 10�6 42 9655 9656 549:3333 4 9124 9125 269:2752 43 205 207 2:6 � 10�6 4 114 116 6:0 � 10�5 44 88 89 269:4998 4 88 89 269:4998 45 26 27 1:7 � 10�9 4 26 27 1:7 � 10�9 46 34 35 2:0 � 10�7 4 34 35 2:0 � 10�7 47 23 24 336:9372 4 23 24 336:9372 48 29 30 761775:0 2 29 30 761775:0 29 16 17 316:4361 4 16 17 316:4361 410 705 717 �133:3841 4 1005 1006 �130:6238 411 411 414 10:77798 4 405 408 10:77888 412 307 308 982:2737 4 310 311 982:2748 413 15 16 1:2 � 10�14 4 15 16 1:2 � 10�14 414 11 16 1:3 � 10�9 2 11 16 1:3 � 10�9 215 3607 3609 1:981668 4 4003 4007 1:983609 416 160 161 �427:4044 4 166 168 �427:4043 417 2728 2730 �0:033888 4 2383 2384 �0:036646 418 2494 2497 �0:024183 4 2434 2436 �0:023817 419 1850 1854 59:66069 4 2035 2038 59:65549 420 3054 3059 �0:977521 4 2388 2389 �0:989295 421 1333 1335 2:369362 4 1208 1210 2:309550 422 20 35 17:99977 1 20 35 17:99977 1Time: 81.25 (� 1.4min) 6752.60 (� 1.9h)Table 20: Numeri
al results of PBNCGC with 1000 variables.m� = 10 m� = 1003No Ni Nf f Iterm Ni Nf f Iterm1 4683 4699 1:5 � 10�6 0 8373 15216 2:4 � 10�7 02 2627 2628 5:7 � 10�7 0 4406 4407 7:147128 03 153 154 8:7 � 10�6 0 162 163 6:7 � 10�6 04 200 201 269:4995 0 168 169 269:4996 05 22 23 2:0 � 10�6 0 22 23 2:0 � 10�6 06 21 22 8:8 � 10�7 0 21 22 8:8 � 10�7 07 28 29 336:9372 0 30 31 336:9372 08 34 35 761775:0 0 34 35 761775:0 09 14 26 316:4361 0 14 26 316:4361 010 2737 2740 �130:6100 0 2318 2319 �130:6300 011 220 509 10:77659 0 255 676 10:77659 012 428 429 982:2736 0 385 386 982:2736 013 13 14 4:1 � 10�9 0 13 14 4:1 � 10�9 014 2 12 1:3 � 10�9 0 2 12 1:3 � 10�9 015 9769 19539 1:924021 0 5937 11875 1:924020 016 258 259 �427:4045 0 277 278 �427:4045 017 5929 11859 �0:037988 0 3494 6989 �0:037989 018 4529 13545 �0:024573 0 2442 7311 �0:024573 019 6362 6363 59:59865 0 5739 5746 59:59863 020 6081 6082 �1:000115 0 5475 5476 �1:000129 021 4469 13464 2:138666 0 5137 15394 2:138666 022 17891 18157 1:000010 0 13124 13125 1:000002 0Time: 318.32 (� 5.3min) 36520.20 (� 10.1h)90



Table 21: Numeri
al results of LVMBM(7) with 1000 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 6605 8143 2:7 � 10�7 1 5865 6570 3:0 � 10�7 12 175 198 3:572791 1 214 227 7:147057 13 42 44 1:8 � 10�6 1 42 44 1:8 � 10�6 14 72 74 269:4996 1 71 72 269:4996 15 17 17 6:8 � 10�7 1 17 17 6:8 � 10�7 16 19 19 3:5 � 10�7 1 19 19 3:5 � 10�7 17 24 26 336:9372 1 23 24 336:9372 18 26 26 761775:0 1 26 26 761775:0 19 14 14 316:4361 1 14 14 316:4361 110 725 797 �134:6299 1 910 925 �128:3100 411 102 111 10:77659 1 88 92 10:77691 112 140 148 982:2736 4 142 150 982:2736 413 12 12 5:4 � 10�13 1 12 12 5:4 � 10�13 114 2 2 1:3 � 10�9 1 2 2 1:3 � 10�9 115 987 1010 1:924045 1 872 882 1:924095 116 119 121 �427:4045 4 124 126 �427:4045 117 327 332 �0:037964 1 491 497 �0:037961 118 458 468 �0:024564 1 433 438 �0:024540 119 646 663 59:59866 1 713 717 59:59873 120 970 989 �1:000104 1 1102 1110 �1:000116 121 992 1012 2:138693 1 837 849 2:138703 122 895 1015 1:000009 1 845 867 1:000037 1Time: 15:38 892:16 (� 14.9min)Table 22: Numeri
al results of LVMBM(3) with 1000 variables.m� = 2 m� = 13No Ni Nf f Iterm Ni Nf f Iterm1 6766 8152 9:3 � 10�8 1 6187 6722 5:3 � 10�8 12 228 270 3:572785 1 210 223 3:572777 13 52 56 3:6 � 10�6 1 53 58 3:0 � 10�6 14 68 73 269:4996 1 67 73 269:4996 15 16 16 3:7 � 10�7 1 16 16 3:7 � 10�7 16 19 19 3:4 � 10�7 1 19 19 3:4 � 10�7 17 23 24 336:9372 1 24 25 336:9372 18 25 26 761775:0 1 26 27 761775:0 19 14 14 316:4361 1 14 14 316:4361 110 784 815 �124:3699 4 922 931 �126:6500 111 101 119 10:77659 1 108 119 10:77665 112 155 164 982:2736 4 138 144 982:2736 413 12 12 2:5 � 10�15 1 12 12 2:5 � 10�15 114 2 2 1:3 � 10�9 1 2 2 1:3 � 10�9 115 1164 1193 1:924473 1 1433 1456 1:924616 116 128 130 �427:4045 4 128 133 �427:4045 117 348 350 �0:037953 1 392 395 �0:037970 118 716 741 �0:024534 1 423 428 �0:024448 119 801 824 59:59876 1 1045 1063 59:59877 120 1207 1234 �1:000052 1 1206 1221 �1:000076 121 1172 1190 2:138855 1 1083 1099 2:139081 122 932 1069 1:000018 1 1405 1426 1:000020 1Time: 14:34 1078:94 (� 18.0min)91



Table 23: Numeri
al results of L-BFGS with 1000 variables.m
 = 3 m
 = 7No Ni Nf f Iterm Ni Nf f Iterm1 5036 5428 1:2 � 10�11 0 4998 5844 1:3 � 10�12 02 4754 5125 562:7389 0 3850 4085 228:9450 03 341 372 4:9 � 10�10 0 104 112 7:5 � 10�11 04 176 187 269:4995 0 107 113 269:4995 05 24 25 2:9 � 10�11 0 23 24 3:2 � 10�11 06 37 39 1:0 � 10�11 0 37 39 1:2 � 10�11 07 30 32 336:9372 0 30 32 336:9372 08 { { { �1=3 { { { �1=39 11 15 316:4361 0 11 15 316:4361 010 1923 2066 �134:4500 0 1238 1278 �134:4100 011 369 429 10:77659 0 116 149 199:0539 012 245 265 982:2736 0 230 246 982:2736 013 12 13 1:0 � 10�18 0 12 13 1:7 � 10�20 014 1 3 1:3 � 10�9 0 1 3 1:3 � 10�9 015 { { { �1=3 { { { �1=316 { { { �1=3 { { { �1=317 2725 2883 �0:037992 0 1180 1228 �0:037992 018 3935 4125 �0:024574 0 1934 1972 �0:024574 019 2715 2885 59:59862 0 1355 1395 59:59862 020 3948 4122 �1:000135 0 2304 2353 �1:000135 021 3679 3845 2:138664 0 2241 2282 2:138664 022 3814 3975 1:000000 0 1556 1626 1:000000 0Time: 35:74 23:58Table 24: Numeri
al results of LVMBM and L-BFGS with 10000 variables.LVMBM(7) L-BFGS(7)No Ni Nf f Iterm Ni Nf f Iterm1 40525 50000 3774:268 2 43682 50001 1265:081 {2 39082 49990 583:3777 4 30483 32509 1520:488 03 57 61 1:2 � 10�5 1 136 143 4:3 � 10�14 04 120 122 2712:434 4 { { { �1=35 38 38 1:1 � 10�7 1 25 33 4:4 � 10�10 06 25 25 3:5 � 10�7 1 36 39 1:2 � 10�10 07 35 40 3369:618 1 { { { �1=38 23 24 8:1 � 107 4 { { { �1=39 49 49 3986:877 1 13 22 3986:877 010 3694 3827 �127:3240 1 17588 18004 �127:1890 011 99 129 107:7659 1 103 134 107:7659 012 122 133 9982:274 4 217 236 9982:274 013 15 15 2:6 � 10�8 1 13 14 4:2 � 10�15 014 39749 50000 1:3 � 10�12 2 1 3 1:3 � 10�12 015 5305 5415 1:936269 1 35765 50001 1:924252 {16 307 315 �4159:932 4 { { { �1=317 2604 2662 �0:037414 1 20568 21273 �0:037992 018 5311 5442 �0:024078 1 24373 25190 �0:024574 019 6129 6265 59:61931 1 20377 20806 59:61806 020 10366 10589 �0:999215 1 29826 31526 �1:000014 021 6836 7125 2:139914 1 17610 17907 2:138670 022 8694 9480 1:001152 1 { { { �1=3Time: 1707:23 (� 28.5min) 3119:81 (� 52.0min)92



Table 25: Numeri
al results of PVAR (n = 500 and m� = 2).Default parameters Sele
ted parameters�No Ni Nf f Iterm Ni Nf f Iterm1 10000 10002 413:9563 12 6781 6800 7:3 � 10�8 42 10000 10002 252:0023 12 1216 1216 1:2 � 10�5 43 1846 1846 0:001133 4 79 81 4:7 � 10�7 44 18 21 272903:1 �10 437 438 133:7810 45 3158 3159 0:640665 4 19 19 4:9 � 10�7 46 10000 10002 32707:54 12 142 142 1:9 � 10�5 47 2321 2321 105:5881 4 2321 2321 105:5881 48 1001 1322 163899:9 2 128 132 163899:9 29 20 20 90:96722 4 19 19 90:96722 410 2039 3033 �140:7400 2 2021 3031 �144:8600 411 641 1169 256:8913 �10 981 1022 5:388299 412 3 3 2495:000 �10 1220 1244 482:2736 413 19 27 22:63183 �10 12 16 7:5 � 10�9 414 10000 10002 9:5 � 10�9 12 3 3 1:0 � 10�8 415 1390 1392 1:930750 �10 524 527 1:924016 416 1561 2152 �218:9106 2 112 128 �218:9106 417 170 212 �0:037992 4 170 212 �0:037992 418 1116 1149 �0:024574 4 228 454 �0:024574 419 610 614 59:57709 4 520 524 59:57709 420 10000 10572 16:65728 12 889 929 �1:000270 421 354 562 2:138652 4 396 475 2:138652 422 907 907 1:005574 4 657 657 1:000034 4Time: 623.87 (� 10.4min) 189.30 (� 3.2min)* m� = 4 in problems 1 and 2Table 26: Numeri
al results of PNEW (n = 500 and m� = 10).Default parameters Sele
ted parametersNo Ni Nf Ng f Iterm Ni Nf Ng f Iterm1 4430 4431 2219931 3:986624 4 2147 2148 1076148 3:986624 42 35 36 18036 1961:479 1 35 36 18036 1961:479 13 36 37 18537 1:2 � 10�9 2 36 37 18537 1:2 � 10�9 24 39 40 20040 133:7810 4 39 40 20040 133:7810 45 20 21 10521 3:6 � 10�12 4 20 21 10521 3:6 � 10�12 46 22 23 11523 1:4 � 10�11 4 22 23 11523 1:4 � 10�11 47 10 11 5511 168:2918 4 10 11 5511 168:2918 48 7 8 4008 163899:9 4 7 8 4008 163899:9 49 26 30 13530 90:96721 4 19 20 10020 90:96721 410 36 107 18607 �34:31313 1 152 163 76663 �135:9000 411 117 121 59121 5:388294 4 69 70 35070 5:388294 412 11 12 6012 482:2736 4 11 12 6012 482:2736 413 14 15 7515 9:0 � 10�43 4 14 15 7515 9:0 � 10�43 414 4 5 2505 4:0 � 10�26 4 4 5 2505 4:0 � 10�26 415 4 5 2505 1:924016 4 4 5 2505 1:924016 416 10 11 5511 �218:9106 4 10 11 5511 �218:9109 417 4 5 2505 �0:037992 4 4 5 2505 �0:037992 418 2 5 1505 �0:024574 4 2 5 1505 �0:024574 419 2 4 1504 59:57709 4 2 4 1504 59:57709 420 14 19 7519 �1:000270 4 9 11 5011 �1:000270 421 10 11 5511 2:138647 4 10 11 5511 2:138647 422 29 40 15040 17:51285 1 29 40 15040 17:51285 1Time: 2819.27 (� 47.0min) 1715.84 (� 28.6min)93



Table 27: Numeri
al results of PBUN (n = 500 and m� = 503).Default parameters Sele
ted parametersNo Ni Nf f Iterm Ni Nf f Iterm1 8156 8161 8:7 � 10�6 2 8198 8199 6:3 � 10�7 22 20 21 795953:1 1 7766 7769 66:48174 43 20 21 127935:0 1 76 77 2:0 � 10�5 44 { { { � 72 73 133:7815 45 27 29 5:1 � 10�10 2 28 29 4:5 � 10�10 46 20 21 32708:17 1 29 30 8:0 � 10�9 47 25 27 168:2918 2 20 21 168:2918 48 20 24 202960:6 1 24 25 163899:9 49 13 15 90:96721 4 13 15 90:96721 410 433 441 �128:8583 4 510 527 �136:6595 411 4 6 54336:85 �10 401 402 5:388375 412 3 5 734:3398 �10 258 260 482:2739 413 4 5 998:0000 �10 12 13 2:8 � 10�12 414 1 3 1:0 � 10�8 4 1 3 1:0 � 10�8 415 1606 1611 1:965370 4 2183 2186 1:930779 416 20 24 57997:03 1 118 121 �218:9104 417 1625 1626 �0:037266 4 1107 1108 �0:037757 418 894 896 �0:015347 4 1168 1170 �0:024315 419 1090 1094 59:60100 4 809 812 59:59290 420 1031 1034 �0:944770 4 1219 1224 �0:997502 421 1124 1128 2:226110 4 856 857 2:165969 422 20 35 17:99907 1 20 35 17:99907 1Time: { 344.58 (� 5.7min)* Program jammed.Table 28: Numeri
al results of PBNCGC (n = 500 and m� = 503).Default parameters Sele
ted parametersNo Ni Nf f Iterm Ni Nf f Iterm1 { { { 1 4619 9185 1:6 � 10�7 02 6306 6307 7:147128 0 3507 3508 3:7 � 10�7 03 164 165 7:6 � 10�6 0 164 165 7:6 � 10�6 04 181 184 133:7810 0 115 118 133:7810 05 22 23 1:8 � 10�7 0 22 23 1:8 � 10�7 06 20 21 2:9 � 10�6 0 20 21 2:9 � 10�6 07 24 25 168:2918 0 24 25 168:2918 08 29 30 163899:9 0 29 30 163899:9 09 14 32 90:96721 0 13 23 90:96721 010 1117 1118 �133:0600 0 993 994 �135:2600 011 222 376 5:388294 0 198 360 5:388294 012 462 463 482:2736 0 421 422 482:2736 013 17 18 1:9 � 10�7 0 13 14 4:8 � 10�7 014 5 51 1:0 � 10�8 0 5 26 1:0 � 10�8 015 4771 4837 1:924021 0 2540 5081 1:924019 016 196 197 �218:9106 0 178 179 �218:9106 017 1136 3409 �0:037992 0 1226 2453 �0:037990 018 2189 6568 �0:024574 0 1119 2239 �0:024573 019 2360 2361 59:57709 0 2214 2215 59:57709 020 2319 2320 �1:000268 0 2144 2145 �1:000265 021 2436 7283 2:138648 0 1668 3329 2:138654 022 6261 6262 1:000001 0 5682 5683 1:000001 0Time: 3781.70 (� 1.1h) 2289.42 (� 38.2min)94



Table 29: Numeri
al results of LVMBM (n = 500, m� = 2 and m
 = 7).Default parameters Sele
ted parameters�No Ni Nf f Iterm Ni Nf f Iterm1 3270 3971 1:2 � 10�7 1 3270 3971 1:2 � 10�7 12 2552 3151 7:147143 1 2592 3270 1:1 � 10�5 13 67 73 4:1 � 10�7 1 42 43 1:2 � 10�6 14 80 81 133:7810 1 69 74 133:7810 15 18 18 2:1 � 10�7 1 15 15 1:4 � 10�7 16 26 26 1:1 � 10�6 1 21 21 4:2 � 10�7 17 20 20 168:2918 1 18 19 168:2918 18 22 23 163899:9 1 20 20 163899:9 19 26 26 90:96722 1 12 12 90:96722 110 443 455 �128:3400 1 397 438 �134:1400 111 114 131 5:388506 1 102 115 5:388294 112 160 167 482:2736 4 142 149 482:2736 413 16 16 1:9 � 10�10 1 10 10 2:1 � 10�10 114 2 2 1:0 � 10�8 1 2 2 1:0 � 10�8 115 443 458 1:924043 1 442 455 1:924050 116 92 92 �218:9106 1 86 88 �218:9106 117 195 197 �0:037986 1 195 197 �0:037986 118 237 242 �0:024558 1 237 242 �0:024558 119 477 481 59:57710 1 473 477 59:57709 120 604 608 �1:000263 1 604 608 �1:000263 121 340 349 2:138724 1 462 469 2:138670 122 418 447 1:000005 1 418 447 1:000005 1Time: 5.04 5.02Table 30: Numeri
al results of L-BFGS (n = 500 and m
 = 5).Default parameters Sele
ted parametersNo Ni Nf f Iterm Ni Nf f Iterm1 2514 2849 4:2 � 10�13 0 2523 2884 1:5 � 10�12 02 2566 2779 158:6535 0 2527 2707 81:29840 03 164 181 3:2 � 10�10 0 164 181 3:2 � 10�10 04 164 172 133:7810 0 142 152 133:7810 05 22 23 5:5 � 10�12 0 22 23 5:5 � 10�12 06 36 39 5:0 � 10�12 0 36 39 5:0 � 10�12 07 28 30 168:2918 0 28 30 168:2918 08 { { { �1=3 33 44 163899:9 09 11 15 90:96721 0 11 15 90:96721 010 693 711 �131:1000 0 692 709 �131:1000 011 213 259 5:388294 0 225 270 5:388294 012 243 266 482:2736 0 240 263 482:2736 013 12 13 5:7 � 10�15 0 12 13 5:7 � 10�15 014 92 94 9:9 � 10�9 0 92 94 9:9 � 10�9 015 { { { �1=3 { { { �1=316 { { { �1=3 { { { �1=317 817 845 �0:037992 0 674 696 �0:037992 018 1061 1090 �0:024574 0 913 944 �0:024574 019 823 855 59:57709 0 848 875 59:57709 020 1238 1281 �1:000270 0 1161 1201 �1:000270 021 1168 1200 2:138647 0 1097 1114 2:138647 022 723 741 1:000000 0 693 713 1:000000 0Time: 6.29 6.1995



Table 31: Numeri
al results for problem 23 for n = 100.Program m� Ni Nf Ng f Iterm TimePVAR 2 384 384 384 0.597233 4 0.19PVAR 50 293 293 293 0.597233 4 0.20PVAR 100 289 289 289 0.597229 4 0.22PNEW 10 588 711 59611 0.597325 1 6.14PNEW 50 860 950 87050 0.597226 4 24.96PNEW 100 366 391 37091 0.597226 4 18.97PBUN 10 6869 7104 7104 0.597343 4 2.15PBUN 50 2970 3002 3002 0.597322 4 9.08PBUN 100 2799 2822 2822 0.597280 4 20.79PBNCGC 10 6207 6208 6208 0.597233 0 3.45PBNCGC 50 547 548 548 0.597235 0 2.63PBNCGC 100 369 370 370 0.597235 0 4.64LVMBM(3) 2 78 134 134 0.603491 1 0.01LVMBM(3) 50 143 152 152 0.600164 1 0.03LVMBM(3) 100 143 152 152 0.600164 1 0.04LVMBM(7) 2 201 390 390 0.598741 1 0.02LVMBM(7) 50 162 193 193 0.600360 1 0.04LVMBM(7) 100 254 289 289 0.598478 1 0.10LVMBM(15) 2 325 814 814 0.598306 1 0.06LVMBM(15) 50 288 369 369 0.598136 1 0.10LVMBM(15) 100 282 356 356 0.598138 1 0.14
Table 32: Numeri
al results for problem 23 for n = 300.Program m� Ni Nf Ng f Iterm TimePVAR 2 1235 1235 1235 2.251760 4 4.94PVAR 50 928 928 928 2.251706 4 5.01PVAR 100 918 918 918 2.251699 4 4.54PNEW 10 654 737 197237 2.253521 1 103.54PNEW 50 975 1081 293881 2.251711 1 536.12PNEW 100 881 999 265599 2.251645 1 1125.10PBUN 10 7381 7906 7906 2.255322 4 6.94PBUN 50 11002 12136 12136 2.255831 4 76.04PBUN 100 1776 1817 1817 2.257157 4 37.53PBNCGC 10 11429 11430 11430 2.251683 0 21.55PBNCGC 50 2234 2235 2235 2.251691 0 38.93PBNCGC 100 1597 1598 1598 2.251695 0 77.92LVMBM(3) 2 272 296 296 2.283775 1 0.04LVMBM(3) 50 311 316 316 2.290962 1 0.22LVMBM(3) 100 311 316 316 2.290962 1 0.35LVMBM(7) 2 337 395 395 2.268969 1 0.08LVMBM(7) 50 449 462 462 2.273679 1 0.35LVMBM(7) 100 474 495 495 2.265205 1 0.76LVMBM(15) 2 384 561 561 2.264918 1 0.14LVMBM(15) 50 364 398 398 2.267038 1 0.32LVMBM(15) 100 374 405 405 2.266850 1 0.50
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Table 33: Numeri
al results for problem 23 for n = 1000.Program m� Ni Nf f Iterm TimePVAR 2 3489 3489 8.019038 4 306.01PVAR 50 3191 3191 7.973548 4 288.78PVAR 100 3156 3156 7.973310 4 314.99PBUN 10 20000 22406 8.020267 12 60.43PBUN 50 20000 22946 8.021438 12 345.12PBUN 100 20000 22875 8.013328 12 853.66PBNCGC 10 20000 20001 7.957525 2 132.60PBNCGC 50 20000 20001 7.957104 2 1397.29PBNCGC 100 17383 17384 7.957054 0 3161.41LVMBM(3) 2 870 873 8.119211 1 0.50LVMBM(3) 50 1433 1437 8.063846 1 3.86LVMBM(3) 100 1636 1645 8.058992 1 7.56LVMBM(7) 2 1499 1566 8.064696 1 1.21LVMBM(7) 50 1356 1362 8.071977 1 3.75LVMBM(7) 100 1371 1377 8.071638 1 7.16LVMBM(15) 2 1322 1489 8.075832 1 1.44LVMBM(15) 50 1788 1806 8.039140 1 5.53LVMBM(15) 100 1520 1538 8.056927 1 8.67
Table 34: Numeri
al results for problem 23 for n = 3000.Program m� Ni Nf f Iterm TimeLVMBM(3) 2 2939 2940 25.60902 1 5.42LVMBM(3) 50 3933 3933 25.52001 1 34.52LVMBM(3) 100 3933 3933 25.52001 1 64.08LVMBM(7) 2 3940 3973 25.46932 1 9.48LVMBM(7) 50 2036 2037 25.77998 1 19.08LVMBM(7) 100 2036 2037 25.77998 1 34.04LVMBM(15) 2 3844 3878 25.48648 1 13.49LVMBM(15) 50 4021 4030 25.44966 1 41.58LVMBM(15) 100 4021 4030 25.44966 1 85.24
Table 35: Numeri
al results for problem 23 for n = 10000.Program m� Ni Nf f Iterm TimeLVMBM(3) 2 14742 14743 86.83975 1 95.74LVMBM(3) 50 13454 13454 87.00658 1 528.43LVMBM(7) 2 12069 12070 86.99000 1 108.01LVMBM(7) 50 13235 13235 86.93343 1 641.56LVMBM(15) 2 11984 11994 86.98348 1 162.04LVMBM(15) 50 11628 11630 87.01912 1 685.39
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Table 36: Numeri
al results for problem 24 for n = 100.Program m� Ni Nf Ng f Iterm TimePVAR 2 370 370 370 0.797506 4 0.18PVAR 50 253 253 253 0.797510 4 0.16PVAR 100 266 266 266 0.797504 4 0.21PNEW 10 638 736 64638 0.797516 1 6.93PNEW 50 853 972 86372 0.797501 4 25.97PNEW 100 182 189 18489 0.797501 4 7.67PBUN 10 6472 6609 6609 0.797581 4 2.08PBUN 50 2859 2865 2865 0.797577 4 10.01PBUN 100 2620 2630 2630 0.797542 4 20.55PBNCGC 10 5900 5901 5901 0.797509 0 3.29PBNCGC 50 467 468 468 0.797510 0 2.27PBNCGC 100 300 301 301 0.797509 0 3.70LVMBM(3) 2 136 214 214 0.805387 1 0.01LVMBM(3) 50 140 147 147 0.800699 1 0.03LVMBM(3) 100 145 154 154 0.800702 1 0.04LVMBM(7) 2 266 584 584 0.798614 1 0.03LVMBM(7) 50 220 265 265 0.798696 1 0.07LVMBM(7) 100 240 281 281 0.798596 1 0.10LVMBM(15) 2 157 341 341 0.799959 1 0.03LVMBM(15) 50 222 281 281 0.798410 1 0.08LVMBM(15) 100 238 301 301 0.798451 1 0.11
Table 37: Numeri
al results for problem 24 for n = 300.Program m� Ni Nf Ng f Iterm TimePVAR 2 1143 1143 1143 2.758809 4 4.40PVAR 50 886 886 886 2.758071 4 3.90PVAR 100 901 901 901 2.758055 4 4.44PNEW 10 541 619 163219 2.767790 1 81.84PNEW 50 1228 1380 370080 2.758019 1 554.50PNEW 100 1215 1332 366132 2.757974 4 958.10PBUN 10 11112 11966 11966 2.761180 4 10.08PBUN 50 4344 4575 4575 2.765381 4 31.81PBUN 100 4045 4174 4174 2.760637 4 85.15PBNCGC 10 10773 10774 10774 2.758036 0 19.82PBNCGC 50 2466 2467 2467 2.758053 0 40.77PBNCGC 100 1388 1389 1389 2.758047 0 55.07LVMBM(3) 2 287 320 320 2.816503 1 0.05LVMBM(3) 50 294 299 299 2.789543 1 0.21LVMBM(3) 100 294 299 299 2.789543 1 0.42LVMBM(7) 2 392 503 503 2.774816 1 0.09LVMBM(7) 50 378 391 391 2.775504 1 0.34LVMBM(7) 100 378 391 391 2.775504 1 0.48LVMBM(15) 2 399 576 576 2.775665 1 0.15LVMBM(15) 50 420 490 490 2.775337 1 0.40LVMBM(15) 100 401 450 450 2.775795 1 0.56
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Table 38: Numeri
al results for problem 24 for n = 1000.Program m� Ni Nf f Iterm TimePVAR 2 3281 3281 9.863656 4 285.28PVAR 50 3120 3120 9.780578 4 276.41PVAR 100 2932 2932 9.802215 4 264.10PBUN 10 20000 22376 9.868510 12 60.28PBUN 50 20000 22782 9.875106 12 347.34PBUN 100 20000 22653 9.883567 12 800.27PBNCGC 10 20000 20001 9.762187 2 133.75PBNCGC 50 20000 20001 9.761775 2 1424.21PBNCGC 100 16777 16778 9.761733 0 3270.80LVMBM(3) 2 850 864 10.01449 1 0.49LVMBM(3) 50 1094 1098 9.976292 1 2.99LVMBM(3) 100 1094 1098 9.976292 1 5.28LVMBM(7) 2 1685 1768 9.889116 1 1.26LVMBM(7) 50 1610 1635 9.904412 1 4.43LVMBM(7) 100 2050 2059 9.877420 1 9.87LVMBM(15) 2 1663 1828 9.886469 1 1.78LVMBM(15) 50 1655 1685 9.880411 1 5.20LVMBM(15) 100 1711 1742 9.877058 1 8.76
Table 39: Numeri
al results for problem 24 for n = 3000.Program m� Ni Nf f Iterm TimeLVMBM(3) 2 2577 2586 32.12470 1 4.76LVMBM(3) 50 2271 2277 32.17679 1 20.16LVMBM(3) 100 2280 2284 32.17654 1 36.92LVMBM(7) 2 3962 3963 31.77740 1 9.48LVMBM(7) 50 5072 5073 31.64788 1 47.57LVMBM(7) 100 5072 5073 31.64788 1 88.38LVMBM(15) 2 5879 5933 31.57238 1 20.48LVMBM(15) 50 4032 4044 31.75792 1 42.56LVMBM(15) 100 4032 4044 31.75792 1 74.67
Table 40: Numeri
al results for problem 24 for n = 10000.Program m� Ni Nf f Iterm TimeLVMBM(3) 2 19248 19249 108.3458 1 129.79LVMBM(3) 50 17929 17929 108.6977 1 745.69LVMBM(7) 2 20361 20399 108.1726 1 180.70LVMBM(7) 50 23229 23229 107.9648 1 1124.01LVMBM(15) 2 20935 21012 108.1005 1 270.24LVMBM(15) 50 22932 22940 107.8543 1 1345.16
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Table 41: Numeri
al results for problem 25 for n = 100.Program m� Ni Nf Ng f Iterm TimePVAR 2 849 978 978 2:73 � 10�5 4 0.66PVAR 50 649 649 649 2:29 � 10�5 4 0.64PVAR 100 607 624 624 3:19 � 10�5 4 0.74PNEW 10 933 1032 94432 1:12 � 10�3 1 36.11PNEW 50 927 1084 93884 3:06 � 10�4 2 56.68PNEW 100 447 539 45339 4:46 � 10�4 2 41.25PBUN 10 16884 18565 18565 1:98 � 10�2 1 10.65PBUN 50 8087 8515 8515 1:51 � 10�2 2 30.83PBUN 100 4938 5072 5072 3:72 � 10�2 4 45.14PBNCGC 10 20000 20038 20038 2:19 � 10�2 2 18.43PBNCGC 50 20000 20039 20039 2:16 � 10�3 2 218.15PBNCGC 100 854 891 891 7:85 � 10�6 0 26.30LVMBM(3) 2 286 584 584 4:241187 1 0.19LVMBM(3) 50 322 335 335 0:812795 1 0.18LVMBM(3) 100 322 335 335 0:812795 1 0.22LVMBM(7) 2 609 1270 1270 3:14 � 10�2 1 0.42LVMBM(7) 50 344 383 383 0:144926 1 0.21LVMBM(7) 100 531 594 594 0:147723 1 0.44LVMBM(15) 2 506 1217 1217 2:79 � 10�4 1 0.44LVMBM(15) 50 952 1216 1216 1:24 � 10�2 1 0.70LVMBM(15) 100 901 1132 1132 2:17 � 10�4 1 0.84
Table 42: Numeri
al results for problem 25 for n = 300.Program m� Ni Nf Ng f Iterm TimePVAR 2 1837 1837 1837 1:843808 4 12.69PVAR 50 1810 1810 1810 2:83 � 10�4 4 12.35PVAR 100 1798 1800 1800 4:55 � 10�4 4 13.26PNEW 10 572 586 172486 242:6153 1 519.75PNEW 50 2000 2026 602326 262:4942 12 2519.98PNEW 100 463 464 139664 829:7253 1 860.69PBUN 10 20000 22310 22310 4:23 � 10�2 12 75.71PBUN 50 14278 15327 15327 2:88 � 10�2 1 181.91PBUN 100 6572 7053 7053 5:63 � 10�2 2 195.79PBNCGC 10 20000 21800 21800 0:129068 2 94.24PBNCGC 50 20000 22283 22283 1:61 � 10�2 2 671.56PBNCGC 100 20000 22798 22798 6:11 � 10�3 2 2396.59LVMBM(3) 2 417 546 546 4:192283 1 1.45LVMBM(3) 50 208 240 240 284:4290 1 0.76LVMBM(3) 100 209 244 244 284:4290 1 0.82LVMBM(7) 2 1215 1735 1735 0:122461 1 4.67LVMBM(7) 50 817 884 884 3:219914 1 2.89LVMBM(7) 100 922 978 978 3:126862 1 3.73LVMBM(15) 2 717 1334 1334 3:41 � 10�2 1 3.64LVMBM(15) 50 823 930 930 0:561701 1 3.11LVMBM(15) 100 962 1068 1068 0:650828 1 4.12
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Table 43: Numeri
al results for problem 26 for n = 100.Program m� Ni Nf Ng f Iterm TimePVAR 2 416 832 832 1:36 � 10�5 4 0.20PVAR 50 398 763 763 9:51 � 10�6 4 0.28PVAR 100 415 746 746 1:09 � 10�5 4 0.38PNEW 10 59 91 5991 0:774453 �10 0.56PNEW 50 56 94 5694 0:772433 �10 0.82PNEW 100 56 94 5694 0:772433 �10 0.78PBUN 10 11 21 21 0:746257 2 0.003PBUN 50 11 21 21 0:746257 2 0.003PBUN 100 11 21 21 0:746257 2 0.003PBNCGC 10 1782 2054 2054 9:40 � 10�6 0 0.54PBNCGC 50 1279 1329 1329 1:00 � 10�5 0 1.93PBNCGC 100 1238 1358 1358 9:85 � 10�6 0 4.29LVMBM(3) 2 9981 50001 50001 0:746257 2 1.67LVMBM(3) 50 30 104 104 0:746257 4 0.01LVMBM(3) 100 30 104 104 0:746257 4 0.01LVMBM(7) 2 46 350 350 0:746257 4 0.01LVMBM(7) 50 26 176 176 0:746257 4 0.01LVMBM(7) 100 26 176 176 0:746257 4 0.01LVMBM(15) 2 237 940 940 0:731147 1 0.07LVMBM(15) 50 42 350 350 0:746257 4 0.02LVMBM(15) 100 42 350 350 0:746257 4 0.02
Table 44: Numeri
al results for problem 26 for n = 300.Program m� Ni Nf Ng f Iterm TimePVAR 2 20000 1384 1384 3:50 � 10�3 12 21.86PVAR 50 756 1865 1865 1:15 � 10�4 4 3.63PVAR 100 669 1443 1443 2:53 � 10�4 4 3.33PNEW 10 246 461 74261 0:764749 �10 38.19PNEW 50 294 489 88989 0:771073 4 104.37PNEW 100 280 468 84768 0:771481 4 149.51PBUN 10 16 20 20 0:742528 2 0.01PBUN 50 16 20 20 0:742528 2 0.01PBUN 100 16 20 20 0:742528 2 0.01PBNCGC 10 2810 6774 6774 9:98 � 10�5 0 3.38PBNCGC 50 1781 4835 4835 9:86 � 10�5 0 16.65PBNCGC 100 1517 3622 3622 9:03 � 10�5 0 28.35LVMBM(3) 2 9994 50000 50000 0:743683 2 4.88LVMBM(3) 50 30 86 86 0:743344 4 0.01LVMBM(3) 100 30 86 86 0:743344 4 0.01LVMBM(7) 2 52 352 352 0:743683 4 0.04LVMBM(7) 50 41 135 135 0:743344 4 0.03LVMBM(7) 100 41 135 135 0:743344 4 0.03LVMBM(15) 2 65 620 620 0:743683 4 0.07LVMBM(15) 50 35 206 206 0:743344 4 0.04LVMBM(15) 100 35 206 206 0:743344 4 0.03
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B Default ParametersTable 45: Default parameters of program PVAR.Param. Value Signi�
an
eMEX 1 Variable spe
ifying the version of variable metri
bundle method.MEX= 0: 
onvex version is used,MEX= 1: non
onvex version of method.MOS 1 Distan
e measure exponent !.MTESX 20 Maximum number of iterations with 
hanges ofthe ve
tor x smaller than TOLX.MTESF 2 Maximum number of iterations with 
hanges offun
tion values smaller than TOLF.MIT 10000 Maximum number of iterations.MFV 20000 Maximum number of fun
tion 
alls.TOLX 1:0 � 10�16 Toleran
e for the 
hange of the ve
tor x.TOLF 1:0 � 10�8 Toleran
e for the 
hange of the fun
tion value.TOLB �1:0 � 10�60 Minimum a

eptable fun
tion value.TOLG 1:0 � 10�6 Final a

ura
y parameter ".ETA 0.250 Distan
e measure parameter 
.XMAX 1000.0 Maximum step size.NA n+ 3 Maximum number of stored subgradients m� .
Table 46: Default parameters of program PNEW.Param. Value Signi�
an
eMOS 1 Distan
e measure exponent !.MES 2 Variable spe
ifying the interpolation methodsele
tion in a line sear
h.MES= 1: bise
tion,MES= 2: two-point quadrati
 interpolation,MES= 3: three-point quadrati
 interpolation,MES= 4: three-point 
ubi
 interpolation.MTESX 20 Maximum number of iterations with 
hanges ofthe ve
tor x smaller than TOLX.MTESF 2 Maximum number of iterations with 
hanges offun
tion values smaller than TOLF.MIT 10000 Maximum number of iterations.MFV 20000 Maximum number of fun
tion 
alls.TOLX 1:0 � 10�16 Toleran
e for the 
hange of the ve
tor x.TOLF 1:0 � 10�8 Toleran
e for the 
hange of the fun
tion value.TOLB �1:0 � 10�60 Minimum a

eptable fun
tion value.TOLG 1:0 � 10�6 Final a

ura
y parameter ".TOLD 1:0 � 10�4 Restart toleran
e.TOLS 0.010 Line sear
h parameter "L.TOLP 0.50 Line sear
h parameter "R.ETA 0.250 Distan
e measure parameter 
.XMAX 1000.0 Maximum step size.NA n+ 3 Maximum number of stored subgradients m� .
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Table 47: Default parameters of program PBUN.Param. Value Signi�
an
eMOT 3 Variable spe
ifying the weight updating method.MOT= 1: quadrati
 interpolation,MOT= 2: lo
al minimization,MOT= 3: quasi-Newton 
ondition.MES 2 Variable spe
ifying the interpolation methodsele
tion in a line sear
h.MES= 1: bise
tion,MES= 2: two-point quadrati
 interpolation.MTESX 20 Maximum number of iterations with 
hanges ofthe ve
tor x smaller than TOLX.MTESF 2 Maximum number of iterations with 
hanges offun
tion values smaller than TOLF.MIT 10000 Maximum number of iterations.MFV 20000 Maximum number of fun
tion 
alls.TOLX 1:0 � 10�16 Toleran
e for the 
hange of the ve
tor x.TOLF 1:0 � 10�8 Toleran
e for the 
hange of the fun
tion value.TOLB �1:0 � 10�60 Minimum a

eptable fun
tion valueTOLG 1:0 � 10�6 Final a

ura
y parameter ".TOLS 0.010 Line sear
h parameter "L.TOLP 0.50 Line sear
h parameter "R.ETA 0.50 Distan
e measure parameter 
.XMAX 1000.0 Maximum step size.NA n+ 3 Maximum number of stored subgradients m� .
Table 48: Default parameters of program PBNCGC.Param. Value Signi�
an
eRL 0.010 Line sear
h parameter "L.LMAX 10 Maximum number of fun
tion 
alls in line sear
h.GAM 0.250 Distan
e measure parameter 
.EPS 1:0 � 10�6 Final a

ura
y parameter ".JMAX n+ 3 Maximum number of stored subgradients m� .NITER 10000 Maximum number of iterations.NFASG 20000 Maximum number of fun
tion 
alls.BL �1:0 � 1060 Lower bounds of x.BU 1:0 � 1060 Upper bounds of x.
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Table 49: Default parameters of program LVMBM.Param. Value Signi�
an
eMOS 2 Distan
e measure exponent !.MIT 10000 Maximum number of iterations.MFV 20000 Maximum number of fun
tion 
alls.MTESF 2 Maximum number of iterations with 
hanges offun
tion values smaller than TOLF.TOLF 1:0 � 10�8 Toleran
e for the 
hange of the fun
tion value.TOLB �1:0 � 10�60 Minimum a

eptable fun
tion valueTOLG 1:0 � 10�6 Final a

ura
y parameter ".ETA 0.25 Distan
e measure parameter 
.EPSL 0.010 Line sear
h parameter "L.XMAX 2.0 Maximum step size.NA 2 Maximum number of stored subgradients m� .MC 7 Maximum number of stored 
orre
tions m
.

Table 50: Default parameters of program L-BFGS.Param. Value Signi�
an
eDIAGCO .FALSE. LOGICAL variable spe
ifying the diagonal matrix D(0)k .DIAGCO = .TRUE.: D(0)k is provided by user.DIAGCO =.FALSE.: A default value I is used.DIAG I Initial diagonal matrix D(0)k .GTOL 0.9 Parameter 
ontrolling the a

ura
y of line sear
h.FTOL 1:0 � 10�4 Parameter 
ontrolling the a

ura
y of line sear
h.STPMIN 1:0 � 10�20 Lower bound for the step in line sear
h.STPMAX 1:0 � 1020 Upper bound for the step in line sear
h.MIT 10000 Maximum number of iterations.MFV 20000 Maximum number of fun
tion 
alls.EPS 1:0 � 10�6 Final a

ura
y parameter ".M 5 Maximum number of stored 
orre
tions m
.
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C Parameters Used in ExperimentsWith smooth problems 1 { 22 the maximum number of iterations was setto 20000 with n � 1000 and to 50000 with n = 10000. In both 
ases themaximum number of fun
tion evaluations was set to 50000. The bundlemethods PVAR, PNEW, PBUN, PBNCGC and LVMBM were tested with di�erent sizesof bundles (m�) and the limited memory methods L-BFGS and LVMBM withdi�erent numbers of stored 
orre
tions (m
). For bundle-Newton methodPNEW and for both proximal bundle methods PBUN and PBNCGC the used sizesof bundles were 10 and n + 3 and for variable metri
 bundle methods PVARand LVMBM the used sizes of bundles were 2 and n+3. For the limited memoryprograms L-BFGS and LVMBM the maximum number of stored 
orre
tions were�rst set to 3 and then to 7.In our experiments, the following values of parameters were used:� The stopping 
riterion " was set to 10�6 for all the problems.� With programs PVAR, PNEW, PBUN and LVMBM the maximum numberof iterations with 
hanges of fun
tion values smaller than 10�8 (pa-rameter MTESF) was set to 10 for all the problems.� The used values of distan
e measure parameter 
 (ETA in the pro-grams PVAR, PNEW, PBUN and LVMBM and GAM in the program PBNCGC)are given in Tables 51, 53, 55, 57 and 59.� The values of the maximum step size XMAX used with the programsPVAR, PNEW, PBUN and LVMBM are given in Tables 52, 54, 56 and 60.� The values of the line sear
h parameter RL used with the programPBNCGC are given in Table 58.� With the program L-BFGS the parameter GTOL that 
ontrols the a
-
ura
y of the line sear
h was set to 1.0 for all the problems.� With the program L-BFGS the only parameter 
hanged during thetests was FTOL. Also this parameter 
ontrols the a

ura
y of the linesear
h. The values used are given in Table 61.Otherwise, the experiments were run with the default parameters of programs(see Appendix B).
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Table 51: Parameter ETA of Program PVAR.n = 10 n = 100 n = 1000 n = 500No. m� = 2 m� = 13 m� = 2 m� = 103 m� = 2 m� = 1003 m� = 21 0.20 0.20 0.01 0.01 1.00 0.25 0.012 0.40 0.40 0.10 0.10 0.10 0.01 0.103 0.40 0.40 0.40 0.25 0.40 0.10 0.404 0.40 0.40 0.40 0.10 0.25 0.25 0.405 0.40 0.40 0.40 0.50 0.20 0.20 0.206 0.40 0.40 0.40 0.40 0.25 0.01 0.407 0.40 0.40 0.40 0.40 0.50 0.10 0.258 0.40 0.40 0.40 0.10 1.00 0.50 0.409 0.40 0.40 0.01 0.01 0.40 0.01 0.4010 0.40 0.40 0.10 0.10 0.50 0.15 0.2011 0.01 0.01 0.10 0.10 0.10 0.01 0.0112 0.40 0.40 0.25 0.40 1.00 0.25 0.4013 0.40 0.40 0.25 0.25 0.40 0.50 1.0014 0.40 0.40 0.001 0.001 1:0 � 10�6 1:0 � 10�6 1:0 � 10�615 0.40 0.40 0.001 0.001 0.001 0.25 0.2016 0.40 0.40 0.40 0.50 0.20 0.25 0.2517 0.20 0.20 0.40 0.10 0.20 0.25 0.2518 0.40 0.40 1.50 0.01 1.50 1.50 1.0019 0.40 0.40 0.01 0.01 1.50 0.50 0.4020 0.40 0.40 0.40 0.40 0.01 0.01 0.5021 0.40 0.40 0.10 0.01 0.50 0.001 0.1022 0.40 0.40 0.01 0.01 0.40 0.001 0.40Table 52: Parameter XMAX of Program PVAR.n = 10 n = 100 n = 1000 n = 500No. m� = 2 m� = 13 m� = 2 m� = 103 m� = 2 m� = 1003 m� = 21 2.50 2.50 8.00 8.00 5.00 2.10 3.202 1.00 1.00 3.10 2.50 4.50 10.0 2.303 2.50 2.50 10.0 10.0 5.00 2.10 5.004 2.00 2.00 1.00 1.00 10.0 1.30 1.505 2.10 2.10 2.10 10.0 10.0 10.0 10.06 2.10 2.10 10.0 10.0 2.10 1.10 1.007 1000 1000 1000 1000 100 100 10008 1.50 1.50 5.00 5.00 5.00 5.00 10.09 5.00 5.00 100 1000 10.0 100 10.010 1.00 1.00 100 1000 100 100 10011 2.10 2.10 1.10 1.10 1.50 2.10 1.1012 1.50 1.50 2.10 1.10 1.00 2.10 2.1013 2.10 2.10 2.00 5.00 2.50 10.0 10.014 2.10 2.10 1000 1000 1000 1000 100015 1000 1000 2.00 10.0 2.10 2.10 1.1016 2.10 2.10 2.00 5.00 2.10 100 2.1017 2.10 2.10 1000 1000 1000 2.10 100018 1000 1000 5.00 10.0 2.10 1.10 100019 2.10 2.10 2.10 2.10 5.00 10.0 1.1020 1.00 1.00 1.00 1.00 1.10 1.10 3.2021 1.50 1.50 1000 1000 10.0 1000 1.0022 1.00 1.00 1.10 1.10 1.00 1000 1.00
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Table 53: Parameter ETA of Program PNEW.n = 10 n = 100 n = 1000 n = 500No. m� = 10 m� = 13 m� = 10 m� = 103 m� = 10 m� = 101 1.50 1.50 1.50 1.50 1.50 1.502 0.50 0.50 1.00 1.00 0.25 0.253 0.25 0.25 0.25 0.25 0.25 0.254 0.25 0.25 0.10 0.10 0.50 0.255 0.25 0.25 0.25 0.25 0.25 0.256 0.25 0.25 0.25 0.25 0.25 0.257 0.25 0.25 0.25 0.25 0.25 0.258 0.50 0.50 1.00 1.00 0.25 0.259 0.25 0.25 0.10 0.10 0.25 0.5010 0.25 0.25 1.00 1.00 0.25 0.2511 0.25 0.25 0.50 0.50 0.50 0.5012 0.25 0.25 0.25 0.25 0.25 0.2513 1.00 1.00 0.25 0.25 0.25 0.2514 0.25 0.25 0.25 0.25 0.25 0.2515 0.10 0.10 0.25 0.25 0.25 0.2516 0.25 0.25 1.00 1.00 0.25 0.2517 0.25 0.25 0.25 0.25 0.25 0.2518 0.25 0.25 0.25 0.25 0.25 0.2519 0.25 0.25 0.25 0.25 0.25 0.2520 0.25 0.25 0.25 0.25 0.50 0.5021 0.25 0.25 0.25 0.25 0.25 0.2522 0.50 0.50 0.10 0.10 1.00 0.25Table 54: Parameter XMAX of Program PNEW.n = 10 n = 100 n = 1000 n = 500No. m� = 10 m� = 13 m� = 10 m� = 103 m� = 10 m� = 101 1000 1000 1000 1000 10.0 10.02 1000 1000 1000 1000 1000 10003 1000 1000 1000 1000 1000 10004 1000 1000 5.00 5.00 2.10 10005 1000 1000 1000 1000 1000 10006 1000 1000 1000 1000 1000 10007 1000 1000 1000 1000 1000 10008 5.00 5.00 5.00 5.00 1000 10009 2.10 2.10 5.00 5.00 1000 10.010 2.10 2.10 10.0 10.0 1.10 1.1011 1000 1000 2.10 2.10 2.10 2.1012 1000 1000 1000 1000 1000 100013 1000 1000 1000 1000 1000 100014 1000 1000 1000 1000 1000 100015 1000 1000 1000 1000 1000 100016 2.10 2.10 10.0 10.0 1000 100017 1000 1000 1000 1000 1000 100018 1000 1000 1000 1000 1000 100019 1000 1000 1000 1000 1000 100020 2.10 2.10 2.10 2.10 10.0 10.021 1000 1000 1000 1000 1000 100022 1000 1000 5.00 5.00 10.0 1000107



Table 55: Parameter ETA of Program PBUN.n = 10 n = 100 n = 1000 n = 500No. m� = 10 m� = 13 m� = 10 m� = 103 m� = 10 m� = 1003 m� = 5031 0.20 0.20 0.01 1.00 0.50 0.50 0.502 0.50 0.50 0.30 0.25 0.50 0.10 0.013 0.30 0.30 0.20 0.20 0.00 0.00 0.104 0.50 0.50 0.50 0.50 0.50 0.50 0.405 0.50 0.50 0.50 0.50 0.50 0.50 0.406 0.50 0.50 0.50 0.50 0.25 0.25 0.507 0.50 0.50 0.10 0.50 0.25 0.25 0.508 0.50 0.50 0.50 0.50 0.50 0.50 0.509 0.00 0.00 0.50 0.50 0.00 0.00 0.5010 0.50 0.50 0.50 0.50 0.15 0.50 1.1011 0.30 0.01 0.40 0.40 1.00 1.00 0.2012 0.50 0.50 0.50 0.50 0.50 0.50 0.5013 0.50 0.50 0.50 0.50 0.50 0.50 0.4014 1.00 1.00 0.50 0.50 0.50 0.50 0.5015 0.50 0.50 0.10 0.10 0.25 0.50 0.4016 0.50 0.50 0.50 0.50 0.50 0.50 0.5017 1.00 1.00 0.30 0.30 0.20 0.01 0.0118 1.00 1.00 0.10 0.10 0.00 0.00 0.0119 0.50 0.50 0.40 0.40 0.25 0.10 0.0120 0.25 0.25 0.10 0.10 0.25 0.01 0.1021 0.00 0.00 0.10 0.10 0.25 0.05 0.0022 0.00 0.00 0.00 0.00 0.00 0.00 0.00Table 56: Parameter XMAX of Program PBUN.n = 10 n = 100 n = 1000 n = 500No. m� = 10 m� = 13 m� = 10 m� = 103 m� = 10 m� = 1003 m� = 5031 2.10 2.10 2.10 5.00 10.0 10.0 3.202 4.00 4.00 3.20 4.00 4.50 3.50 2.103 1.50 1.50 3.50 3.50 10.0 5.00 3.204 2.10 2.10 4.00 4.00 10.0 10.0 3.205 1000 1000 4.00 4.00 2.10 2.10 3.206 1.10 1.10 3.20 3.20 2.10 2.10 3.207 2.10 2.10 2.10 1000 2.10 2.10 2.108 5.00 5.00 4.00 4.00 5.00 5.00 3.209 1.50 1.50 1000 1000 10.0 10.0 100010 1.50 1.50 10.0 10.0 100. 2.10 100011 2.10 2.10 10.0 10.0 2.10 2.10 2.1012 2.10 2.10 2.10 2.10 5.00 5.00 2.1013 5.00 5.00 3.50 3.50 5.00 5.00 10.014 1000 1000 1000 1000 1000 1000 100015 1.10 1.10 2.10 2.10 1000 1000 10.016 1.50 1.50 4.00 4.00 3.50 5.00 2.1017 1000 1000 1000 1000 1000 1000 10.018 1000 1000 1000 1000 1000 1000 10.019 2.10 2.10 4.00 4.00 10.0 100. 100020 1000 1000 4.00 4.00 2.10 1.10 10.021 1000 1000 1000 1000 2.10 100. 100022 1000 1000 1000 1000 1000 1000 1000108



Table 57: Parameter GAM of Program PBNCGC.n = 10 n = 100 n = 1000 n = 500No. m� = 10 m� = 13 m� = 10 m� = 103 m� = 10 m� = 1003 m� = 5031 0.25 0.40 0.25 0.40 0.25 0.40 0.452 0.20 0.25 0.40 0.40 0.25 0.10 0.453 0.25 0.20 0.40 0.25 0.25 0.25 0.254 0.00 0.00 0.25 0.20 0.25 0.25 0.405 0.25 0.25 0.25 0.25 0.25 0.25 0.256 0.25 0.25 0.40 0.25 0.25 0.25 0.257 0.00 0.00 0.25 0.40 0.25 0.40 0.258 0.25 0.20 0.25 0.25 0.25 0.25 0.259 0.00 0.00 0.00 0.00 0.00 0.00 0.0010 0.00 0.00 0.25 0.25 0.25 0.20 0.3011 0.25 0.25 0.40 0.40 0.20 0.25 0.4012 0.25 0.25 0.25 0.25 0.40 0.40 0.4013 0.00 0.00 0.40 0.40 0.25 0.40 0.4014 0.00 0.00 0.20 0.20 0.40 0.40 0.0015 0.40 0.40 0.00 0.00 0.20 0.20 0.2016 0.00 0.00 0.25 0.25 0.25 0.40 0.2517 0.40 0.40 0.20 0.20 0.20 0.20 0.1018 0.00 0.00 0.40 0.40 0.20 0.20 0.1019 0.25 0.25 0.25 0.25 0.25 0.25 0.4020 0.00 0.00 0.25 0.25 0.20 0.25 0.1021 0.20 0.20 0.00 0.00 0.00 0.00 0.0122 0.00 0.00 0.25 0.20 0.00 0.00 0.20
Table 58: Parameter RL of Program PBNCGC.n = 10 n = 100 n = 1000 n = 500No. m� = 10 m� = 13 m� = 10 m� = 103 m� = 10 m� = 1003 m� = 5031 0.010 0.300 0.010 0.300 0.010 0.400 0.4502 0.400 0.010 0.050 0.050 0.0001 0.010 0.0013 0.010 0.200 0.100 0.010 0.010 0.010 0.0104 0.001 0.001 0.010 0.100 0.010 0.010 0.2005 0.010 0.010 0.010 0.010 0.010 0.010 0.0106 0.010 0.010 0.100 0.010 0.010 0.010 0.0107 0.400 0.400 0.010 0.010 0.010 0.400 0.0108 0.010 0.010 0.010 0.010 0.010 0.010 0.0109 0.001 0.001 0.010 0.010 0.400 0.400 0.40010 0.100 0.100 0.010 0.010 0.010 0.100 0.10011 0.010 0.010 0.001 0.001 0.100 0.010 0.10012 0.010 0.010 0.010 0.010 0.001 0.001 0.00113 0.100 0.100 0.300 0.300 0.010 0.200 0.20014 0.100 0.100 0.300 0.300 0.400 0.400 0.40015 0.200 0.200 0.010 0.010 0.450 0.450 0.45016 0.200 0.200 0.010 0.010 0.010 0.200 0.10017 0.200 0.200 0.400 0.400 0.400 0.400 0.45018 0.010 0.010 0.400 0.400 0.200 0.200 0.45019 0.010 0.010 0.010 0.010 0.010 0.010 0.01020 0.400 0.400 0.010 0.010 0.001 0.010 0.00121 0.010 0.010 0.400 0.400 0.0001 0.0001 0.45022 0.010 0.010 0.010 0.0001 0.0001 0.0001 0.010109



Table 59: Parameter ETA of Program LVMBM.n = 10 n = 100 n = 1000 n = 10000 n = 500No. m� = 2 m� = 13 m� = 2 m� = 103 m� = 2 m� = 1003 m� = 2 m� = 21 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.252 0.25 0.50 0.50 0.75 0.25 0.25 0.25 0.853 0.25 0.25 0.05 0.05 0.25 0.25 0.50 0.254 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.255 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.256 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.257 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.258 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.259 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.2510 0.25 0.25 0.80 0.80 0.20 0.50 0.50 0.9511 0.25 0.25 0.25 0.25 0.60 0.25 0.25 0.2512 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.2513 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.2514 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.2515 0.25 0.25 0.25 0.25 0.25 0.50 0.65 1.0016 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.2517 0.25 0.25 0.25 0.25 0.65 0.50 0.65 0.2518 0.25 0.25 0.25 0.25 0.65 0.65 1.00 0.2519 0.25 0.25 0.25 0.25 0.95 0.25 0.25 0.2520 0.25 0.50 0.25 0.25 0.25 0.25 0.25 0.2521 0.25 0.25 0.25 0.25 0.15 0.50 0.25 0.6522 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25Table 60: Parameter XMAX of Program LVMBM.n = 10 n = 100 n = 1000 n = 10000 n = 500No. m� = 2 m� = 13 m� = 2 m� = 103 m� = 2 m� = 1003 m� = 2 m� = 21 2.00 2.00 2.00 10.0 2.00 10.0 2.00 2.002 10.0 2.00 2.00 2.00 50.0 50.0 2.00 2.003 10.0 2.00 10.0 10.0 10.0 10.0 10.0 10.04 2.00 2.00 2.00 2.00 2.00 2.00 2.00 10.05 2.00 2.00 2.00 2.00 10.0 10.0 2.00 10.06 2.00 2.00 10.0 10.0 10.0 10.0 10.0 10.07 2.00 2.00 2.00 2.00 2.00 10.0 10.0 10.08 10.0 10.0 2.00 2.00 2.00 2.00 2.00 10.09 2.00 2.00 10.0 10.0 50.0 50.0 10.0 10.010 2.00 2.00 50.0 50.0 10.0 2.00 10.0 10.011 1000 1000 10.0 10.0 2.00 2.00 1000 50.012 2.00 10.0 2.00 2.00 10.0 10.0 1000 10.013 2.00 2.00 10.0 10.0 10.0 10.0 10.0 10.014 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.0015 2.00 2.00 2.00 2.00 10.0 2.00 2.00 2.0016 2.00 2.00 10.0 10.0 10.0 10.0 10.0 10.017 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.0018 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.0019 10.0 10.0 10.0 10.0 50.0 2.00 1000 10.020 2.00 2.00 2.00 2.00 10.0 10.0 10.0 2.0021 2.00 2.00 2.00 2.00 2.00 2.00 2.00 10.022 1000 10.0 2.00 2.00 1000 10.0 10.0 2.00110



Table 61: Parameter FTOL of Program L-BFGS.No n = 10 n = 100 n = 1000 n = 10000 n = 5001 0:050 1:0 � 10�4 0:100 1:0 � 10�4 0:1002 1:0 � 10�4 0:500 0:010 0:001 0:0103 0:500 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 1:0 � 10�44 0:500 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 0:1005 0:500 1:0 � 10�4 1:0 � 10�4 0:500 1:0 � 10�46 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 1:0 � 10�47 1:0 � 10�4 0:100 1:0 � 10�4 1:0 � 10�4 1:0 � 10�48 0:050 0:010 1:0 � 10�4 1:0 � 10�4 1:0 � 10�49 0:050 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 1:0 � 10�410 1:0 � 10�4 1:0 � 10�4 0:100 0:010 1:0 � 10�411 1:0 � 10�4 1:0 � 10�4 0:050 1:0 � 10�4 0:10012 1:0 � 10�4 0:050 0:010 0:100 0:10013 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 1:0 � 10�414 0:500 0:001 1:0 � 10�4 1:0 � 10�4 1:0 � 10�415 1:0 � 10�4 1:0 � 10�4 1:0 � 10�4 0:500 1:0 � 10�416 1:0 � 10�4 0:100 1:0 � 10�4 1:0 � 10�4 1:0 � 10�417 1:0 � 10�4 1:0 � 10�4 0:100 0:100 0:10018 1:0 � 10�4 0:100 1:0 � 10�4 0:100 0:00119 1:0 � 10�4 0:100 0:100 0:010 0:01020 1:0 � 10�4 0:010 0:001 0:100 0:10021 1:0 � 10�4 1:0 � 10�4 0:050 1:0 � 10�4 1:0 � 10�422 1:0 � 10�4 0:100 0:100 1:0 � 10�4 1:0 � 10�4
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D Termination ParametersIn the UFO programs (PVAR, PNEW and PBUN) the value of the terminationparameter ITERM has the following meanings:ITERM = 1: kxk+1 � xkk � TOLX in MTESX subsequent iterations.ITERM = 2: jfk+1 � fkj � TOLF in MTESF subsequent iterations.ITERM = 3: fk+1 < TOLB.ITERM = 4: The problem has been solved with the desired a

ura
y.ITERM = 11: Number of fun
tion evaluations is greater than MFV.ITERM = 12: Number of iterations is greater than MIT.ITERM < 0: Failure in the method:ITERM = �6: The required pre
ision was not a
hieved.ITERM = �10: Two 
onse
utive restarts are required.ITERM = �12: The quadrati
 programming subroutine failed.In the program PBNCGC the value of the termination parameter IERR has thefollowing meanings:IERR = 0: The problem has been solved with the desired a

ura
y.IERR = 1: Number of fun
tion evaluations is greater than NFASG.IERR = 2: Number of iterations is greater than NITER.IERR = 3: Invalid input parameters.IERR = 4: Not enough working spa
e.IERR = 5: Failure in the quadrati
 problem.IERR = 6: The starting point is not feasible.IERR = 7: Failure in attaining the demanded a

ura
y.112



In the program LVMBM the value of the termination parameter ITERM has thefollowing meanings:ITERM = 1: The problem has been solved with the desired a

ura
y.ITERM = 2: Number of fun
tion evaluations is greater than MFV.ITERM = 3: Number of iterations is greater than MIT.ITERM = 4: jfk+1 � fkj � TOLF in MTESF subsequent iterations.ITERM = 5: fk+1 < TOLB.ITERM < 0: Failure in the method:ITERM = �1: Two 
onse
utive restarts are required.ITERM = �2: TMAX < TMIN in two subsequent iterations.ITERM = �3: Error in updating the limited memory matri
es.ITERM = �4: Failure in attaining the demanded a

ura
y.
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In the program L-BFGS the value of the termination parameter IFLAG hasthe following meanings:IFLAG = 0: The problem has been solved without dete
ting errors.IFLAG < 0: Failure in the method:IFLAG = �1: The line sear
h routine MCSRCH has failed. The param-eter INFO provides more detailed information:INFO = 0: Improper input parameters.INFO = 2: Relative width of the interval of un
ertainty is atmost XTOL.INFO = 3: More than 20 fun
tion evaluations were required atthe present iteration.INFO = 4: The step is too small.INFO = 5: The step is too large.INFO = 6: Rounding errors prevent further progress. Theremay not be a step satisfying the suÆ
ient de
rease and
urvature 
onditions. Toleran
es may be too small.IFLAG = �2: The ith diagonal element of the diagonal approxima-tion of the inverse of the Hessian matrix, given in DIAG, is notpositive.IFLAG = �3: Improper input parameters for L-BFGS (N or M are notpositive).
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